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Preface 

This book is written for all those who own a Commodore 64 and would 
like to know that little bit more about some mathematical techniques. 
You probably know what program you want to write but maybe you are 
not quite sure of the mathematics needed. Is it COS, ABS, or SON that 
you need? 

All the mathematical functions that you find on the Commodore 64 
are described and their use is illustrated in short programs. You can 'lift' 
these programs and utilize them within your own programs. 

But this book is not just an introduction to these basic mathematical 
functions. It contains background information and programs on such 
diverse subjects as codes and cryptography, random numbers, 
sequences, trigonometry, prime numbers, and statistical data analysis. 
You can utilize this information in both serious and games 
programming. 

Many thanks to Ann, Kora and Inga for bearing with me during the 
writing of this book. 

Czes Kosniowski 
Newcastle upon Tyne, September 1983 
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Program notes 
The Commodore 64 uses 'control characters' to control features such as 
cursor movement and colour printing. These control characters usually 
appear as inverse characters. For instance a reverse heart within quotes 
would clear the screen and move the cursor to its home position. To 
avoid difficulties in program listings control characters have not been 
used. Instead, their CHR$ equivalents have been used. A list of the more 
commonly used ones is provided below. Others may be found in 
Appendix F of the Commodore 64 User Manual. 

CHR$(5) 
CHR$(l7) 
CHR$(28) 
CHR$(30) 
CHR$(31) 
CHR$(l47) 
CHR$(l45) 
CHR$(154) 
CHR$(l57) 
CHR$(l58) 
CHR$(159) 

White 
Cursor down 
Red 
Green 
Blue 
Clear screen and cursor home 
Cursor up 
Light Blue 
Cursor left 
Yellow 
Cyan 

When typing out the programs you may prefer to use control char­
acters instead of the CHR$ statements. 

Note. The symbol ~ should be entered as i on the Commodore 64. 
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CHAPTER 1 
Simple Functions? 

Displaying numbers neatly 

A whole number or a number without any decimal part is called an 
integer. Displaying integers neatly on your screen may be achieved by 
using the following lines in a program. 

L = LEN(STR$(X» 
PRINT TAB(25-L) X 

The function STR$(X) converts the number X into a string, LEN calcu­
lates its length and TAB moves the cursor to the appropriate position on 
the screen. 

9 
123 

- 10 
89 

For non-integral numbers the display goes astray. 

89 
1.2 

-13.89 
.126 

The numbers are right-justified; but it would be nice to have the decimal 
points vertically aligned. This may be achieved by using the functions 
INT(X) and ABS(X). 

The function INT(X) returns the integral part of X, that is, the largest 
integer which is less than or equal to X. For example 

INT(1.2l) = 1 
INT(2) = 2 
INT(2.l) = 2 
INT( -2) = -2 
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INT(-2.1) = -3 
INT(9.1) = 9 
INT( - 9.2) = - 10 

The function ABS(X) returns the absolute value of X, that is, the 
number ignoring the + or - sign. For instance 

ABS(9.1) = 9.1 
ABS( - 9.1) = 9.1 

The following program displays numbers neatly on your screen. 

Y = INT(ABS(X)) : L = LEN(STR$(Y)) 
IF Y = 0 AND X < > 0 THEN L = L - 1 
PRINT T AB(25 - L) X 

For example, a typical display is shown below 

3 
.23 

-89.14 
6712399.1 

2.23871 
-1.22 
- .13 

In the first line of the program ABS takes care of negative numbers 
while INT takes care of non-integral numbers. Note that the INT func­
tion alone does not achieve this (for example look at the number - 9.1). 
The second line takes care of numbers in the range greater than - 1 and 
less than 1. 

The program above illustrates one simple use of the functions INT and 
ABS. It works except for numbers which are close to 0 (absolute value 
less than or equal to 0.01) or which are very large (absolute value greater 
or equal to 1000000000). In fact whenever the scientific notation E 
appears the display goes slightly astray. 

3 
-89.14 

1E-04 
9.9E + 16 

You might like to add two lines to our program to take care of 
numbers involving scientific notation E. 
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Chapter 1 Simple Functions 

Rounding off numbers 
The INTegral function is useful for 'rounding off' numbers. For instance 
if you had £565.58 in a bank account and received 9070 interest per annum 
then the amount you expect to have after one year is 

565.58 + 565.58*9/100 

Using your Commodore 64 you can check that this has a value of 
616.4822. But, of course, the bank would 'round' this down to £616.48. 
Similarly an amount such as 76.6752 would be rounded up to £76.68. 
Your Commodore 64 can do this rounding off with the following line. 

X = INT(X*l00 + 0.5)/100 

Here X is first multiplied by 100 to convert to pence. Then 0.5 is added 
which causes a rounding up if the fraction of pence is greater or equal to 
one-half. The INT function ignores any decimal parts and finally divid­
ing by 100 converts the number back to pounds. 

In general, the program line 

B = INT(A *lOjD + 0.5)/1OjD 

gives the value of A rounded off to D decimal places. 

Bank balances 
The program given earlier on in this chapter for displaying numbers 
neatly on the screen could be used, for example, in a bank balance pro­
gram. Using it (whenever a number is displayed) you may end up with a 
display such as below. 

DETAILS PAYMENTS RECEIPTS BALANCE 
BIF 596.61 

869162 46.22 550.39 
869164 169 381.39 
869165 15.01 366.38 
CHQS 75.7 442.08 

Observe that when the amount includes zero pence or a multiple of ten 
pence then the zero is not shown. To force this to happen we need to 
convert our numbers into STRings and add the necessary number of 
zeros. The following program lines illustrate how this may be achieved. 

X$ = STR$(X) : L = LEN(STR$(X*l00» : M = LEN(X$) 
IF M = L THEN X$ = X$ + "0" 
IF M = L-2 THEN X$ = X$ + ".00" 
PRINT T AB(25 - L) X$ 
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Notice that we do not need to use the INT and ABS functions. The bank 
statement display given earlier on would now appear as follows. 

DETAILS 
B/F 

869162 
869164 
869165 
CHQS 

PAYMENTS 

46.22 
169.00 
15.01 

Overdrawn bank balances 

RECEIPTS 

75.70 

BALANCE 
596.61 
550.39 
381.39 
366.38 
442.08 

Bank balances occasionally become overdrawn (or go into the red). This 
occurs when the balance becomes negative (less than zero). Thus a bal­
ance of - £64.00 means that you are overdrawn by £64.00. The following 
program lines illustrate how the function ABS may be used to print bank 
balances and indicate when the amount shown is overdrawn. 

X$ = STR$(ABS(X» : L = LEN(STR$(X* 100» : M = LEN(X$) 
IF M = L THEN X$ = X$ + "0" 
IF M = L-2 THEN X$ = X$ + ".00" 
PRINT TAB(25 - L) X$; 
IF X < 0 THEN PRINT" DR"; 
PRINT 

For example: 

DETAILS 
B/F 

869166 
869167 

PAYMENTS 

52.80 
422.00 

RECEIPTS BALANCE 
442.08 
389.29 
32.72 DR 

Colourful balances 
The function SGN(X) is the sign function which returns the sign (pos­
itive, negative, or zero) of the number X. The result is + 1 if the number 
is positive, - 1 if it is negative, and 0 if it is zero. For example: 

SGN(9.21) = 1 
SGN(-9.1) = -1 
SGN(O) = 0 

A typical use of the SGN function is when the program is required to 
perform different subroutines depending upon whether the sign of a 
number is positive, negative, or zero. For example, the program line 

ON SGN(X) + 2 GOSUB 1000, 1100, 1200 

would cause the program to execute the subroutine 1000 if X is negative, 
subroutine 1100 if X is 0, and subroutine 1200 if X is positive. 
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Chapter 1 Simple Functions 

An interesting use of the SON function is a simple method of changing 
the colour of printing. On the Commodore 64, CHR$(28) represents red 
while CHR$(30) represents green. Thus CHR$(29 + SON(X» will be red 
or green depending on whether X is negative or positive. The following 
program adds this colourful feature to our money displaying program. 
The first POKE is used to give a background colour which enables green 
and red to be easily visible. 

POKE 53281,7 
X$ = STR$(ABS(X» : L = LEN(STR$(X*100» : M = LEN(X$) 
IF M = L THEN X$ = X$ + "0" 
IF M = L-2 THEN X$ = X$ + ".00" 
PRINT CHR$(29 + SGN(X» T AB(25 - L) X$; 
IF X < 0 THEN PRINT" DR"; 
PRINT CHR$(30) 

This short program displays numbers with two decimal parts (for 
example pounds and pence) so that they are vertically aligned. In addi­
tion the ABSolute value of a negative number is printed in red with DR 
after it. 
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CHAPTER 2 
Trigonometry 

Scale drawings 
Seldom can we directly measure the heights of tall buildings, hills, trees, 
etc. One way to find the height of a building or tree is to stand away from 
the object. Now measure the angle between the horizontal and the 
highest point of the object (using a clinometer, which is just a glorified 
protractor), then measure the distance between you and the object. By 
drawing a scale drawing the height of the object can be readily estimated. 
See Figure 1. 

TREE. 

.. DISTANCE 

Figure 1. 

You couldn't use the same technique to measure the height of a moun­
tain peak which is miles away and covered in clouds. The clouds would 
get in your way, and you couldn't measure the horizontal distance. An 
instrument such as a tellinometer would help. This uses radar to locate 
the top of the mountain. It also measures the angle and distance between 
you and the top. A scale drawing would provide a way of calculating the 
height of the mountain. See Figure 2. 

As a further example suppose we wanted to find the width of a large 
pond or lake; see Figure 3. 
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Figure 2. 

DISTANCE 

Figure 3. 

A scale drawing drawn from the measurements made could be produced 
and the required distance estimated. 

Here is a related example. A navigator is at a certain position A. He is 
150 km due west of city Band 188 km from city C. The angle between the 
two cities is 23 degrees measured from his position. How far apart are the 
two cities? Again, a scale drawing could provide the answer. 

Although scale drawing will provide answers to the problems men­
tioned above they are rough and ready. And it is not always practicable 
or accurate to produce scale drawings. An alternative approach is to do it 
by trigonometry using your Commodore 64. 

16 



Chapter 2 Trigonometry 

The trigonometry functions 
The three important trigonometric functions are SIN (sine function), 
COS (cosine function) and TAN (tangent function). They each represent 
ratios of the various sides of a right-angled triangle. For example, the 
triangle shown below is a right-angled triangle. The angle at the corner of 
the left is denoted by the symbol X. The three sides of the triangle will be 
referred to as the side adjacent to X, the side opposite X, and the hypot­
enuse (the longest side). 

T AN(X) = ~site_ 
adjacent 

SIN(X) = 

COS(X) 

opposite 

hypotenuse 

adjacent _ 
hypotenuse 

Some useful values to remember are the following: 

SIN(OO) = 0 

SIN(30 0 ) = 0.5 

SIN(45°) = I/SQR(2) 

SIN(600) = SQR(3)12 

SIN(90 0 ) = 1 

Hgure 4. 

COS(OO) = 1 

COS(30 0 ) = SQR(3)12 

COS(45°) = I/SQR(2) 

COS(60 0 ) = 112 
COS(90 0 ) = 0 

ADJACENT 

TAN(OO) = 0 

TAN(30 0 ) = I/SQR(3) 

TAN(45°) = 1 
TAN(60 0 ) = SQR(3) 

OPPOSITE 
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If you know the angle X and one of the three lengths of a right-angled 
triangle then you can find the other two lengths. For example, if you 
know the angle X and the length of the adjacent side then the other two 
lengths are given by the following formulae. 

opposite = T AN (X) * adjacent 
hypotenuse = adjacent / COS(X) 

Another way of describing the trigonometric function is by using a 
circle of radius 1 unit. Measure out the angle required as shown in Figure 
5. The values of the various trigonometric functions are indicated. 

Figure 5. 

Mathematically distances are measured horizontally from left to right 
and vertically upwards. This explains why, for instance, in the Figure 6 
COS(X) has a negative value. 
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Figure 6. 

You can obtain SIN, COS and TAN of an angle X by typing 

PRINT SIN(X) etc., 

substituting the appropriate value of X. The only possible problem is 
that the Commodore 64, like most microcomputers, expects the angles in 
radians, not degrees. Fortunately degrees can be turned into radians and 
vice versa very easily. 

First of all, what is a radian? Draw a circle of radius 1 unit. Measure 
along the circumference of your circle a distance which is equal to the 
radius of the circle. The angle subtended by this arc is 1 radian. 1 radian 
is approximately 57°. See Figure 7. 

The number IT (or PI) is both remarkable and famous. It is defined to 
be the ratio of the circumference of a circle to its diameter. The 
(approximate) value of IT is stored in your Commodore 64. Simply type 

PRINT IT 

to reveal the value stored. In a circle of radius 1 unit the diameter is 2 
units. Thus the circumference of the circle is 2*IT and so there are 2*IT 
radians in a complete circle. Since there are 360 degrees in a complete 
circle we see that 

360 degrees = 2*IT radians, and 
180 degrees = IT radians 
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Figure 7. 

We can convert degrees to radians and vice versa quite easily with the 
following formulae. 

X degrees = X*TI/180 radians 
Y radians = y* 180/TI degrees 

The following program can be used to find lengths of right angled 
triangles. You need to input an angle and one distance. The program 
calculates the other two lengths. 

10 REM PROGRAM FOR RIGHT-ANGLED TRIANGLE 
b 
20 PRINT CHR$(147) " 
lF~ 1: ('·~I\IGL..E!3 1/ CHH$ ( 1 '? ) 

::'!;(l.I PH I NT "T'H I ~:) PF<Cl[-3F<f·~1"1 E:NI~~BI.. .. ES YClU TTl F:r 
ND "j"HE" 
40 PF:~ I!\IT II S I DES OF f'~ F< I CIHT (.·)NGl...ED T'F< I PtI\ICl 
I.. .. E" 
~5(2) F'R I NT' II PRClV I Df:':D YOU ~'::NCllAJ ONE ~:;:r DE ('.1N1) 

(.·\NO I... I::. • II CHF:($: ( :1. 7 ) 
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Chapter 2 Trigonometry 

6(7.) F'nINT " ·1If··.· 
IE· .~." 

'70 PF: I NT " 
If· ~." 

8(7.) F'P I I"IT " HYPOTENUSE* *OPPOSITE 

9(7.) F'f'::£ N'T' " 

9~':J F;'I::;:], N T " 
) 

100 REM INPUT DETAILS 

If· ·If·" 

"'" (.'~ 1\1(::; 1.... E .• 
•.••. 'IE' ·If··jj· .jj'1!' ·1If· ol4' II 

(,'10.:1 (.·iCENT II LH~,:*: i J? 

:I. 10 I Nr:'l..rr "~·~NGI..J:::. 11\1 DE.(:31::\EE:.b. ": X. 
J.2i1.l IF X<."'::0 OH X:'·:::::(:)lv.lfHEN PI:,INT "E;JmCn:\ ..... 

NOT (.~ TF\ I (.·iNEiI...E" : bOlO 110 
:I. ::::;0 F'F:( I 1\1 r CI"'IP:~!; ( :I. 7 ) II lAJH I CI"'I ~::; I DE: DO yell...! 1<:1\1 
OW'? 1 (OF'POE; I 'IE::) " 
1.i.1·0 F'rn NT' ":;.:~ ((.·m\J(..~CENT) UH .:::: (HVF'U rE~NUE:n::: 
) . " 
:I ~':';Q) 1: NPUT ., fYI:::'E: :L., :":~ m\ ::; ": T 
160 IF T~:L OR T}3 OR 'I()INT'(T) THEN 150 
.I. 70 F'r( I NT CHFd!: ( 1. ?) II fVF't:: I NTI .. ·IE:: 1.. .. 1::::I\lbTH U 
F "I H l~::; bIDE. II 

1 EH}) I NF'ur "1....ENt;)fl,,·1 II r. 1.. .. 

190 IF 1...( :::::(2) THEN PI:, 1 1\11 II F UN"I y ....n:\ y ("1E·.;{-~ 1 
N": (y',OTO lE:10 
200 REM CONVERT TO RADIANS 
,:;:: .1. (7.) :.: :::: lilf' '" ,/ .I. i:3 (2) 

22(2) REM THE SPLIT UFF 
230 o~ T GObUB 3(2)0,350.400 
:;::40 PI:\ I NT CHI~:*: ( :I. '7)" ·TH(.·rr 'B I'T .. ". (.:iNClT 
1· .. 1 EJ( GO V ClF:\ I\I'?" 
:2~.':"0 LlF.:::·'!" G:~!:: J: F E'):~;('::'" y II f·~I\lD G:!~:<:> "1\1" fl·-II::::!\I :;;;~ 

~:j IlJ 
~;;::61i.'l I F C;'l:~;:'"' II y II T'HEN HUI\I 
:.?lQ'J PF~ I 1\1"1' CHF\:*: ( :1. 'll) II ElY!::: F: CJF~ I\lOW .. II :: E.I\lO 
30Q'J REM OPPOSITE SIDE KNOWN 
:::!;1 (;.:) PI:~JI\ll CHf~:*: (:1.7) "(.·m\J(.·~CEI\I·T HlDE::.~ II 1....1 Tf.·i 
N (X) 

::'!; .;;': Ii.'l f:' f:;: I "I r II r'IYFClrl::::"IU~:H::: r. II 1.. .. I b I 1\1 ( X ) 
::;.::!;I/) I~E l UHI\I 
350 REM ADJACENT SIDE KNOWN 
::::b0 F'r< I I\lT C 1,,,1 R*: ( :1. '7) II OPF'ClI::) 1'1"1:::: B 1 Ol:~. ~ 1/ T ('~"I ( 
X) ·M-I.." 

.:::,'70 F'n I NT" HYF'iJ r ENUl::)[: r." L...I COS ( X ) 
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:::!:E3(1.) RE'rUf~N 

40(1.) REM HYPOTENUSE KNOWN 
41 (2) F'f~:r NT CI .. ·IR:*: ( 1 '7 ) " ClI:::'PClS J: "I"E f3:1: DE::: II SIN ( 
X) ·Mol .. 
42(2) PF~rNT' II('·~D,J~~CL::::NT· f.:,J:DE= II I.. .. "'·CO!::; (X) 
4:::~(2) RETUf,N 

F~E'·~DY • 

Inverse functions 
Suppose we know the lengths of the sides of a right-angled triangle, can 
we determine the various angles? The answer is yes, and we use the 
inverse trigonometric functions to do this. Given an angle X then 
T AN(X) gives us a number, the tangent of the angle X. Conversely, given 
a number N we could find an angle whose tangent is that number. Such 
an angle could then be called the inverse tangent of N. It is usually 
denoted by A TN(N), the arc tangent of N. 

Look at the triangle in Figure 8. 

I 
B 

j 
.. A • 

Figure 8. 

If we know the values of A and B then we could find the value of the 
angle X. We know that TAN(X) = B/A, thus X = ATN(B/ A). You can 
put in the appropriate values in this expression and get your Commodore 
64 to print out the answer. Of course, the answer would be in radians. To 
get an answer in degrees you need to multiply the result by ISO/IT. 

The trigonometric functions SIN and COS also have inverse functions 
denoted by ASN (arc sine) and ACS (arc cosine) respectively. ASN(N) is 
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that angle whose sine is N; similarly ACS(N) is that angle whose cosine is 
N. Unfortunately the Commodore 64, in common with many other 
microcomputers, does not contain these functions in its basic. However 
they can be easily obtained from the ATN function. 

To see how we obtain ASN from ATN look at the right-angled triangle 
with a hypotenuse of length 1 unit in Figure 9. 

Figure 9. 

Now suppose that we know the value of B, and we want to find the 
angle X. We know that SIN(X) = B so that X = ASN(B), but as was 
mentioned ASN isn't present in the Commodore 64. If we knew the value 
of A then we could use ATN since X = ATN(BI A) also. To find A we 
use Pythagoras' theorem. 

Recall the theorem of Pythagoras. In words Pythagoras' theorem 
states that the square of the hypotenuse of a right-angled triangle is equal 
to the sum of the squares of the other two sides. In symbols we have 

C 2 = A2 + B2 

where C is the length of the hypotenuse. Since our hypotenuse is of 
length 1 we have: 

1 = A*A + B*B 

or 

A*A = 1 - B*B 
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and so 

A = SQR(1 - B*B) 

Since X = ATN(BI A) we obtain 

X = ATN(B/SQR(l - B*B)) 

also, ASN(B) = X, and so we obtain 

ASN(B) = ATN(B/SQR(1 - B*B)) 

In a similar way we could produce a formula for ACS(A), one such is 
given belaw: 

ACS(A) = lIn - ATN(A/SQR(l - A*A)) 

You should notice that ACS(A) = lIn - ASN(A). Appendix H of the 
Commodore 64 User Manual contains other examples of mathematical 
functions which may be useful but which are not part of the 64's basic. 

Non right-angled triangles 
The first two examples from the scale drawing section may be solved by 
using the Right-Angled Triangles program. The third example (usually) 
involves non right-angled triangles. 

A triangle has three angles and three sides. If we know the values of 
any three of these (except three angles) then we can find the values of the 
other three. For example we might know the length of two sides and one 
angle. We can then find the length of the third side and the value of the 
other two angles. To do this we use a formula. 

Let's call the three angles in our triangle X, Y and Z; the three sides 
SX, SY and SZ where side SX is opposite angle X, etc. See Figure 10. 

sx 

~ 
~~~-------------------SY 

Figure 10. 
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Chapter 2 Trigonometry 

The following formulae relate the various sides and angles. 

The law of cosines: 

sz*sz = sx*sx + Sy*SY - 2*SX*SY*COS(Z) 

Sy*SY = SX*SX + SZ*SZ - 2*SX*SZ*COS(Y) 

SX*SX = Sy*SY + SZ*SZ - 2*SY*SZ*COS(X) 

The law of sines: SIN(X)/SX = SIN(Y)/SY = SIN(Z)/SZ 

Notice that if Z is a right-angle (that is 90 degrees) then COS(Z) = 0 
and so the first formula becomes: 

SZ*SZ = SX*SX + Sy*SY 

which is just Pythagoras' theorem. 
The next program will find the remaining angles and sides provided 

you know one of the following: 

Side Side Side : You know all three sides and are looking for the 
measurements of the three angles. 
Side Side Angle : You know two sides and an angle which is not 
between them (a non-inclusive angle) and you are looking for the 
other side and angles. 
Side Angle Side : You know two sides and the angle between them 
(the inclusive angle) and you are looking for the other side and 
angles. 
Side Angle Angle : You know two angles and a side which is not 
between them (a non-inclusive side) and you are looking for the 
other two sides and the third angle. 
Angle Side Angle: You know two angles and the side between them 
(the inclusive side) and you are looking for the other two sides and 
the third angles. 

Notice that in the second case (Side Side Angle) two different triangles 
are (usually) possible depending on whether the angle opposite side 3 is 
greater than or less than 90 degrees. See Figure 11 which illustrates this 
point. 

lW REM TRIANGLES 
:,;:~(I.) PR r NT CHI:~:*: ( :L 4'7> . /I 'T'FU ANC:-,)L...E:'B /I CHF~$ ( 
:l7 ) 
::::;(2) Pf~ I NT "TH I ~:) F'F~()(;)FU·\I"I w r l...L.. F:[ Nt> THE REI"! 
(.:~ l: N I NG" 
4(2) PF~ r NT /I S;.; r DES f~ND ~)!\lGL..Ef.:l elF f'~ "I"F~ r ANGLE 

/I C!·-IFH: ( :l '7) 
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:.',,(/1 f'lcll\1 I " IN II J. t., 1,1 1:1\1 FTH:WI I) I J. C.\I\I U U Y (] LJ H (W E. ? 
" C 1",1 H:,I,: (.I. /,1 
h(/I F'I:';: J 1\11 ":I.: ~:;Hb 

7 ((,) F' f;: 11\1'1 " :? ,: ~:3 H (i 
H J. V[ ('~I\IC;1. 1::''' 
U((,) F'R 11\11 ":!,,: ~:;(~b 

(,) 1\1 C) I..E " CHH:;t" ( .! 7 ) 
,:? ((.') F' H 11\11 "1./-,:, ~:) () () 

i.Jb 1 VE::, HI UE:," 

(iL,L.::!; ~:; T UE, b" CI'IH ::j:: ( .I. / ) 
~;:? ~::) 1 [) E:: ~:, (..~ 1\1 D 1\1 Cj 1\1 " ... :I. hi L~ 1..., U 

,:: ~3 J. DE,~;:; (.,)hID .[ hICL.Uh 1 VF 

J lilt!.) F' H J 1\11 " "'.'I":' () ~:; (.) : :::' n hlt.)L L .. h n I\I!) J. 1\1 C L LJh I 
VI::- h J D I:;" C IjF:\ l ( :I / ) 
J :I Vi I:IE: I'I 1"1(,)1':.1'::. ~::;[:L.E.C·ll UI,I 
:I :,::0 J I\IF'U 'I "I YF:"E. IN 1\IUlvIUE:,H ": 1\1 
130 IF N~:I OR N>5 OH N\)INT (N)IHEN PH.!N 
I " "IF:,: y I." :,?" ::::;" 4 UH ~;,:,:",,": C3D T U :I :~::0 
:I 1.1,0 I::~[:I/I DE:F I Nt:: (.~)HLH I hiE. FUI\IC'j I UI\I" 1 i-I DFC3F:( 
LEB TO 2 DECIM(')L PLnCLS 

I. ~::d;l DEF FI\lf,)b ( X) "" 11\11 ( j, HVlvHl.HH) TN ( X.I ~:;()I':, ( .I. ' .. , 

~' 'It ~:.' :' .I TT -+ ,,'.',:i:',/:I. C)) PI 
160 REM SPLIT OFr 
I. IV) F'R I hi r ~ UI\I 1\1 C:,)UbUI3 ,::,.i. fZl " ~:,:,:,i 1 fZl " / i fZl " 91 Vl " J (/.):1 

\Z) 
IHVi F'nII\IT C~I"lf:(::I:, (:1.7) ,,"()l\IU II"IEF:( (3D::' Y Ur( 1\1" 
190 Gr.;::' I C)::I:::]' F C1:*:<,. "y" (.,:\I\ID C:;:,W< > "1\1" r HE.!,I J 
':,I VI 
,.?~1V) J F U::j:.:::::" y" T I"IE, 1\1 HUI\I 
? 1 fZl F' H I 1\11 c: 1,,1 H ':1:, ( 1 ,q i ) " E~ Y E. F U H hi U W" " :: E, 1\1 L) 
30fZl HEM ALL 3 blDEb 

:~; I. fZl F' F;: :I hiT "'~H!'~ () I. L::~, bID F. h 1,:.1\1 U!AI Njllj<i* " c:; H 
F<:$, ( :I. 7 ) 
320 M=1:GUBU8 l:1.1Vl:5X=S 
330 M=2:GUBU8 1110~Sv=S 

340 M=3:GOHU8 :l.110:bZ=b 
35fZl A=(SY*SY+SZ*SZ-SX*8X).I ()*bY*Sll 
,;1:6fZl IF' f,)F(f,;) ((.) >:,,: 1 T HE::, 1\1 PF I "IT "I\IU T f.) IH I P\I\I 
(:-11..,,/:':.": HE:Ttll:(t\! 
.:!;lll.l F'f:( I 1\11 "()hIHL..I:::: UF'F:'UH J IF U I DE::. :I. IS" (;:;0 
""-F l\I(..lH «(..~ ,I 

380 f.)=(HX*HX+SZ*SI-HV*SY)/\2*SX*SZ) 
:::~; 9Vl 1.':;01::,11\1 T C 1",1 1.':( l ( 1 7 ) " () I\iC:jL E, U I:::' f." Db I r [, ~;:;:I. DE. 
:::: I U II (.'? (1)"., F' 1\1 (~b ( (.~ ) 

400 A=(UX*bX+HY*HY-BZ*bZl!(2*SX*HV! 
4:1. (i.) F'n 11\11 CI"IF(:~,: ( 17) "(,)I\I13I...[ UI"F'Ub I 1'1::;: HIDE. 
::::; I b " 9(1),·,,1:: I\I(~H (p\) 

26 



Chapter 2 Trigonometry 

,,~ :;,:: (I.) F~ E: T U F~ N 
5(1.)(1.) REM 2 SID~S AND A NON-INCLUSIVE ANGL 
I:': 

~,','I.l.1I.l I:"'f~ I 1\11 "'.'11',,,: b.l: Uti::, ~::) I'~NJ.) (.,~ 1\101\1·,,,.1. hILL.Ub.l: V 

~'S:.?(I.) F'H J N f "TYPE: 11\1 fl"'IE. ~:; I DE FClF~ WH I CI'''I 11",1 
E (JPI:::'OE; I ll:::: ~·iNGI....E I~::; I<I\IUWI\I" CI·"II::;::~;· ( :I.)' ,) 

53(1.) M-:l.:GOSUB 1110:SX=S:GUSUB 1210:AX~A 
54(1.) M-2:GOSUB 1110~SY-S 

55(1.) A=SIN(AX)*SY/SX= IF ABS(A»l UR A=0 1 
HI~~:I\I PI::;: I NT' • "1\len (:~ '1"1::, 1 (':~N(::;I....E" : F:;:ETI..U::(I\I 
~'.'.';60 F'F:( I hrr "I H {.~I\Il:3L.E:: UPF'UG I 'fE t:l I DE. ~;:: C)F(E(.:~ 
TI!:T< (,::.) 01::;: I....EE:;G ( <: )TH('·'N (;;0 m:::C~H:;:E:E;:~::)"?" 
~'s}'eJ :[ NPI.Jf "TYF'E :> nF~ -:: ": I~):~': 

580 IF A:*:( >" <:" AND A:$:< >" >" THEN 5'7(1.) 
~.'5'i0 (.·~Y""'F·N('·~8 ({~) : II:::' f.~:~>"":" )" (.~I\ID 1·~Y·:.,90 r~"IEI\1 
("~Y'''':9(1.)+(.·~y 

6((,111.) F'H I I\IT' CI"'IF:~;~,: ( :I. 7) "{~I\IGI.."E OF'F'Ol::) I "IE: ~::l I DE: 
:,;;: I ~::;" (.·iY C:;~"IR:*: ( :I. 7) 
610 AZ~n-AX-AY*n!18~ 
620 P f:n N ''I'' " 1...1::: 1\1(::rr H Cl F E:)I DE: ::;;; U::) " S X "H:lI 1\1 ((.., 
l ) / f.3 I N «(.:\ X) CHI;~:~:: ( 1'7 ) 
6:::i;1l.l F:'F~ J: N r "f."\1(3I...E~ DF-F'Ol:;) IfE: ~::; I DE:: ::~; I U" I l\iT' 
(180fi.)fi.)*AZ/n + .5)/100 

64(2) HE::T'UF~N 

700 HEM 2 SIDES AND THE INCLUSIVE ANGLE 
7:1. (2) F'F~ I NT "'lHH!' :;;:: S 1 DE:::~::) ('~ND THF.::: I I\IC:I....Lm I VE 

~.) 1\1 G 1.... E ·It ·IE"IE· " 

72(2) M~1:G08U8 11:1.(2):SX-S 
73(2) M-2:GOSUB l:l.10:SV=U 
74(1.) M=3:GOSUB 121(2)uAZ=A 
750 Sl~8QH(SX*SX+SY*HY-2*SX*SY*C08(Al» 
? 6(1.) :I. F Sl ",,(2) H-II:::N I:;'FU N'T • "NOT (.·~rl:u ("~I\IElU':': " : 
F~EfUF~1\I 

770 F'F<! 1\11" "I....I::::N[:rrH OF b I DE :;;; I b" b l. C:I"'IF;<:~,: ( 
:1.'1) 
78(2) A=(SY*SY+SZ*SZ-SX*SX)/(2*8Y*Sl.) 
79(2) F'F~ I 1\1'1' Ii (.·~1\I(3L..E UPP(J~3 I TE !:3 I DE 1. :t b " 90 
''''F I\I("~:) ( ~.~) 
80(2) A-tSX*SX+SZ*SZ-SY*SY)/(2*SX*Sl) 
E3:1. (2) F'F( I NT' CI'H:~:*: ( :I. '7) "(':~NEH .. E ClPI:::'Cl!:3 I T Ii:. !:) I DE 
:2 1 E; " (10 .... ·FI\I{~S (I··~) 
02(1.) F<ETlJRN 
9(2)(2) REM 2 ANGLES AI\ID A NON-INCLUSIVE SID 
[ 
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VI~:, h:l. DE oJH! 

':;20 F'I::< J 1\1 r "TVF'E 11\1 Il'IE f,~I\I[-:;I."E FUr< WI·"I I CH l' 
I .. ·IE Cn::'F'ClEl 1 TE:~::l I DE::: I D ~:::I\IUWI\! F I F~!::; T 11 CHI::i:*: ( :[ J ) 
930 M=1:G08UB 1211ll:AX=A:G08UD 1110:Sx=S 
94~ M=2:GODU8 1~10:AY-A 
(1)50 A:::Tf .. ,,·AX·· .. ~~y~ IF A<::::(?) THEN F'FUNT" "NOT A 
TF:;: I ~~1\I1.3l...E" : RFTURI\I 
i;.i>bl~ F'f< I 1\1 T "l...E::I\IUT H UF ~::;.[ DE .2 1 ~:; " bX '.'b J: 1\1 \ 
{iY) /!3 I 1\1 «(.:\ X) CI"'IF~$: (, :I. ! ) 
'n 0 F' Fd 1\1 r " ,.:~ 1\1\::)[ ... E D F' F' UbI r E: ::;)1 D E:~; .[ ~;:; " 11\1 
T(18(?)(?)(?)*A/Tf + .5)/100 CHR'(l!! 
9!:l0 F'I::(Jl\lr "LE:I\IGfH UF ~~;IDE ::::, lb II UXM'~::;JI~( 

(.:~) IHll\I«(.\)(i 

9 .:; ill r;: E ll..H·< 1\1 
1000 REM 2 ANGLES AI\ID AI\I INCLUSIVE SIDE 
10:1. 0 F::'H I N'T "''''''IE- ::;:: (.:iI\!GI....Eb ("~ND ,:·\1\1 11\ICI....I..Jb:l. V 

E:: S I DE "HHE' " 

1020 M=I:GODUB 1~10:AX=A 

1030 M=2:GU8UB 1210:AY-A 
1040 M=3:GU8UB 1110:8£=5 
J.050 A::::n .. ·"AX ·• .. AV ~ r F A< ""0 THEN F'R I NT ,,"I'IDT A 

TR I ANGL.E" ~ Fi:ETI..JRI'1 
.I. 060 PF~ I 1\1'1" "('·~I\I(:;I....E (JPI:::'Clb ITE: b I DE :::~; I b II J 
NT(18000*A/n + .5)/100 CHRS(17) 
1071ll F'F:~I"lr "L.ENC3IH Cu::: bIDE .I. I!::l " bl'Ii:::;IN 
«(·,x) .I !::) I N «(.,~) CHI::\:*: ( 17) 

.I. 0 B (/) F' FH I\i'T " 1.." E: 1\1 EfT' H U I::: !::; I DE:: .2 I b " ~~; l.M' Sin: N 
«'.'-lY) / b 11\1 ((.,U 

:I. 090 F:~Erl...IF~I\1 

110(/) REM GEl A SIDE 
J..I.J.(/) ~;)"::0:F::'F(INr "T'VF'I:::: L,EI\IC;rH elF HIDE" 1"1 " 
: "::: I NF'l..rr u: F'F~ I I\IT CI"·IH:t.: ( :I. 7 ) : 
.I . .l :2(2) IF U< :::::(2) fl· .. IEN F'F~ J hi I • "I\ILl I f.~I"F:( I ('·~I\IUl... E ! 
" : UCl T Cl :I. l. :I. (2) 

:I. :l 30 F(E TUf:(N 
1200 REM GEl AI\! ANGL~ 
:I. :;;:~:L 0 f'~:::'0 r. Pf:( I '" r "I YF'I:;:: (.~I\I(.3L"E: OF'PUG:I: 'rE: !3 I DE: 
" IVI ": ":: 1 NF'I..J"1' PI: F'F( II\IT' CHFH: ( I.?) : 
J. :~::20 .[ F (.,~<, 0"0. (/)(2):l OF( f'~ > ,,::: :l H0 II· .. IEI\I F'n I N'T. "1\1 
crT (..\ IF( I ("~I\I(JI .... E: ! " : Gcn CJ :I. :;:~ 1 ((J 
123m A~A*n/180:RETURN 
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1 

Figure 11. 

Refraction 
Things often look distorted when viewed through glass or plastic. Water 
looks shallower than it actually is. The reason is refraction. When a ray 
of light travels from one medium (air) to another (glass, water, ... ) it is 
bent or refracted. The angle that the ray hits the glass with is called the 
angle of incidence; the angle after it has been refracted is called the angle 
of refraction - see Figure 12. 

For a given material there is a fixed relation between the angles of 
incidence and refraction. This is given by Snell's law which states that the 
ratio of the sine is constant for any material (in air). This ratio is called 
the refractive index. 

refractive index = SIN(angle of incidence) 
SIN(angle of refraction) 

For glass the refractive index is about 1.5, for water it is 1.333, while for 
diamond it is 2.417. 
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AIR 

GLASS 
/ 

/ // 
~/~ 

Figure 12. 

~---ANGLE OF INCIDENCE 

The program allows you to determine the angle of refraction, assum­
ing that you know the angle of incidence and the refractive index. 

10 REM REFRACTION PROGRAM 
2(l) PI:~ 11\1'"1"' CI"HU: ( 1 "1,'7) " 
I em" CI"'lfU: ( :I. 7 ) 
::!;(l) PF~ I hiT II TH I ~::; PF(Clbl::«(.,~rvl C~:~LCUL,{,~rl::::Hrl"'IE (i1\1 
E'L,t:. OF" 
"1,(2) F'I:~ I I'~r II F(E:F'F\{'~Cf I 01\1 WHE:I\I (.,~ r::<{.~ Y 01::: L" I 01,,,1'1" 

1",1 IT ~:;" 
~m F'n I NT' "(,,~I\IClrl"'IE:F\ IviED I I..WI" " C:I"H:\~~;: ( :I. / ) 

:1.(2)(2) REM IhlPUT DETAILS 
i, 1 (i.') F'F< I Nf "rYF'E: I N (,~I\1(3L,E OF' I NC I DE 1\1 Cr:::: , I 
1\1 DE:(3I~EI::.:~~),," 

:1.2(2) I 1\1 FtJ'!" " {~1\I(31..E r. "~X 

:[ ::~;(2) :t F X <: '::'(2) ClF( X >':09(2) "j"HEN F'F, Ilo,JT' l'I::::F<F<UFi ,,, 
NDI\ISENHE" : GUrD :I. :;,:~(2) 

14(2) PF< I I\IT C~"IF<~: ( 1 7) "WI'1('~T :r: El 'T'HE: F(E:FR(,,)Cr:l. 
VE INDEX OF 'T'HE:: IvIEDIl..JlVI"?" 
14~S I NF'UT "f~EF:H(,,'CT':r: VE I NDI::: X: "~I~ 
:1, ~.'.',iQ) I j::' R< :::::(2)'I"HE:I\1 PF:<:I: 1\11" "FUNNY ·,,,n:<y {'!:3f4 I 
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1\1" r. L)UrU .I. i.1·~~, 

160 REM CONVERT TO RADIANS 
J'70 X::::'>(~'1'T/.I.Dv.1 

180 REM CALCULATE 
190 Y=SIN(X)/R~Y=Y/8QR(1-Y*Y) 
;::~ (12) F' H 11\1 r C I'''IH :~,: ( .I. / ) II (..~I\IC:j L" E: OF F< Ii::. F 1::< (.,~C r I lJI\1 :: 
" ('Hhl cn .~. H301 TT "DEm:;:EE~~; .. " 

"i: .I. (1,) FF< J: 1\1 T II F'EF(CF: I\IT (,,~(';;Iiii U F HI\ICil,.E: UF 1N(" J DE 
1\ICEi.::" I I\lT (n T 1'1 ( Y»)Ii.l. (1.)(Z)/ X.I 
240 PRINT CHR$(l/) 
1,,1 Ei:: H (3 U Y elF'l 1\1 :" " 

" II,·IIY! '~i:) J. T·" f·1hIU! 

:,::: ~:.:.') (i.) l::.! E. T C:j;f.::: 1 F I.:H;: '::, .> " y" i'~ 1\1 D C·):iI::.:.::" 1\1 " 11,-11::;. hi :~:: 

~:.',:) (1.) 

.,::: b (i.) J I·: t'J :,1:: "" II Y II I" H 1:::: 1\1 r;: 1..1 1\1 
:;::: 7(7) F::'H 11\11' CI"'IHt· ( :I. ':1·7) "[.IY Ii::, F f...lR I\IUW" " ~ \:::,hIU 

FIE (,)0 y " 

Reflection 
A piece of glass or the surface of water occasionally behaves like an 
ordinary mirror, reflecting everything, This occurs when the angle of 
incidence is too great and the ray of light is reflected, The smallest angle 
at which this occurs is called the critical angle of the medium, This is 
given by the following simple formula: 

SIN(critical angle) = 

refractive 
index 

Thus the critical angle can be determined from the refractive index by 
using the ASN function described earlier on, 
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CHAPTER 3 
Earth Trigonometry 

The Earth 
The earth is almost a sphere. But it is slightly squashed at the north and 
south pole. The equator has a radius of 6378 kilometres. The polar 
radius is 6357 kilometres. The difference is only about 0.3010 and you can 
hardly tell that it isn't a sphere. The average radius is 6371 kilometres. 

We are used to saying that the shortest distance between two points is a 
'straight line'. But this applies only on the plane, or on any 'flat' surface. 
On a sphere, like the Earth, the shortest distance between two points is 
part of a circle called a great circle. A great circle is a circle whose centre 
is the centre of the earth. 

Great circles passing through the north and south poles are called lines 
of longitude. Lines of longitude have an angle associated to them. The 
line of longitude that passes through Greenwich, England is marked 0° (0 
degrees). The others are marked by measuring the angle at the centre of 
the Earth between the line of longitude and the one at Greenwich - see 
Figure 13. 

Usually longitude lines go from 0° to 180° both east and west. 
Lines of longitude tell us how far a point on the Earth is east or west of 

Greenwich. To show how far a point is north or south of the equator we 
use lines of latitude. The equator is said to be of latitude 0°. Circles on 
the Earth which are parallel to the equator are called lines of latitude. 
The angle (measured at the centre of the Earth) between the equator and 
a line of latitude is called the latitude - see Figure 14. 

Latitudes go from 0° to 90° both north and south. The north pole is at 
latitude 90° north, while the south pole is at 90° south. 

Any point on the Earth may be pin-pointed by its latitude and 
longitude. For instance, Newcastle upon Tyne (England) is at latitude 
55° north and 1.5° west approximately. More accurate values are 54° 58' 
Nand 1 ° 36' W, where the symbol ' is read as minutes and a minute is 
1/60 of a degree. 

Latitudes and longitudes are a set of co-ordinates on the surface of the 
Earth. 

Calculating the (shortest, great circle) distance between two points on 
the Earth is not easy. For instance, what is the distance between 
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Figure 13. 

NORTH POLE 

- - -CENTRE - -
OF EARTH 

SOUTH POLE. 

Newcastle upon Tyne and Paris, France? (Paris is at approximately 49° N, 
2° E.) With a suitable program on the Commodore 64 this presents no 
problems. 

The next program calculates distances between two points on the Earth's 
surface. The mathematics behind the program is based on several uses of 
the cosine and sine rules discussed in the previous chapter. 

10 REM ~ARrH rRIGONOME1RY 
20 POKE 53281.6:PRINI CHR$(147) .CHR$(154 
) II E~.~f:< '1'1",1 T'F~ I (3ClI\lUI"IE::rF(Y II CHn:*, ( 17) 
:~;0 PF~ I NT II 'T'I"'I I ~3 F'r<c)UF:~('·\I"1 C(':~I.."CUL,,('·)T'F.;::b 11",11::. ~:ll'1 

em rl::::E;r" 
40 F'I:~I I\IT II D I ~::;l('·~NCE: DE: "rWE::E: 1\1 TWO pC).r 1\I'r~::; UI\I 

rl··IE:: E:::f..~RII·-I II 

50 nEM INPUT DATA 
6(lJ FClI:~ I":: 1. TO :;;~ 

7(2) F'F~ I NT': F'n I "IT CHFd,: (!'.'S) II F'Clb IT I (JI\I" :: I : CHH:~,: 
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( :I. !:.'; :::!; ) C 1 .. ·1 F;: :*: ( :I. l ) 
tilil\ J NF'ur " L.f·lt r I: rUDE " ~ (..) ( I ) 
9((,1 J F PI ( I ) ::: (Z) UH f.l ( J ) >9((,1 "" .. ·IEN F::'I::,1I\1T "Eti::::T W 
[E:N (l) (o·il\lD 9(z) 1 ! " : (::.luru H(2) 
:I. (Z)(2) II\lF:'UT" I\l UH H " ~ (..~:*. 

:11 (2) I F' ('·l:~::<''> "1\1" (ltND (.):;j':< ,.:." H" THEI\I F'F( I I~ T " 1\1 
UF~rH ClH HUUTI .. I' ! " ~ C1UlU :I. (2)(1.) 
I. :2(1.) IF' (.):$:'"'' " G "fl .. ·IEI\1 f·i ( I ) "::' .... f·) ( J ) 
l::!;(I.) F'R 11\11 ~ 11\IF'l.JT "L .. UI\IU I I UDE "~E~ ( :I. ) 
1 il· ill J F B ( I .l <. (1) U H B ( .I: ) >:1 H (2) r H I:::: hi F' H I NT " BE. 
rWE.E:::I\1 (i.'J (.il\ID :I H0! ! " :: (3UT U :I.:~;Q) 

:I ~'.'j(2) II\IF'Ur" E: ClF( W ":: (.,):,~: 

:16(2) IF ('H:":::>" E." (..iND ('H:<.>" W "II .. ·IEI\I r:>H 11'~'1 "E. 
f.·iur c:n:< WE::SI' 1 " : UU Tn :I. ::'i0 
ll(2) IF f..H"""E."ll·iEN B(I)::::: .... ·f{(l) 

:I. H0 NE:X r 
J 9(2) F'I:~ J 1\1 r ~ I:::'F( I 1\1 r CI··IF(:¥ ( I :.:s:.? ) " Oc:J Y (JU W(~"I r r 
1 .. ·11:::. D:I. ~:;r(')I\lCE: 11\1 1'1 I LEt:> ClH 1< I I.. .. UlvIE:::Tnr:::b·?" 
;?(2)0 J I\IF'U r "1"1 un ~::." ~ (.~:'I'::: F'F( J hi I 
:,;;::1. (2) I F (.~:*:<::: "IYI" ('·iND (':d;:·::.:>" f:." T HE.I\j :,1::(2)0 
2 ::::: (2) F:( ::::: 6:> :::!; 7 :1. :: B :;j,: :::" I, f::: J l. .. Clivi E:T F\ E b " : J F:' (..) :;j,: ,:::: " Iyl" T 1 .. 1 E. 
N f:( ::::: :::!; 9 b (Z): B :~,: I:::: " IVI I 1.. .. 1:::. H " 
230 REMIHE. CALCULAIIUI\I 
240 Al-A(1)*n!18(2):A2-A(2)*n!18(z):Bl z 8(1)* 
n/18(2):82=8(2)*n/:l.80 
25(z) 8=A8S(B(1)-8(2) )~lF B>:l.80 THEN 8=180 
..... [{ 

260 A-ABS(A(1)-A(2»)*n/36(z):8~B*n/36(z) 
270 X=CClb(Al)*HIN(8)*COS<A2)*811\l(B)+SlNI 
(:1) '~'bJI\I (('~) 

280 D=2*R*ATI\I(SOR(XI (i-X») 
:,:;:(;;(Z) F::'I:~ I NT CI .. ·II:U;: ( I ~5H) "T I .. ·IE:. D I b I (..i 1\1 C I:::, ]. b" ~ 11\\ 
r (rH~' :I. (1)0) / :I. ~~(I):: B:~,: 

::!; (I) (2) F:;' ru NT r. F' F:n 1\11 C 1 .. ·1 F(::l,: ( :I. ~'.') 4) " 11 (..) 1\1 or 1",1 E:F( (3 Cl:' Y 

em 1\1" 
::':; 1. (l) C) E:r c:; ::j;: = I F c:) :~,.::: ,.: " Y" PI 1\1 D e)il'::::;'" 1\1 " 11,,1 I::: hi.::; 

:1.0 
,:::;:20 I: F (H·:::::" Y "'I}·I[.I\I HLJI\I 
:::!;::::;v.) F'R I NT CHF:\:*: ( :I. ij. / ) " U YEo F· UH I\IUW II :: E.I\llJ 
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Figure 14. 
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CHAPTER 4 

Powers 

The square of a number X is the number multiplied by itself, that is X*X. 
It is denoted by X2 or Xj2. The square of a number is also called the 
second power of X. 

The powers of X are products of the appropriate number of X's. The 
first, second, third, fourth and fifth powers of the number 2 are the 
numbers 

2, 4, 8, 16, and 32. 

We denote these powers respectively by 

You can calculate the powers of 2 (or any other number) with the 
following simple program. 

1 Q) F~EI'I 1::·'UWE.Hb 
.,::0 F'F~ I 1\1 f C~'H~:~;; ( :I. "" 7 ) " " 
:I } 
:'1;0 F''::(I: 1\1 r "I"H 1 ~::; PRClF:)H('·WI I::·'F:, I 1\1 Tb [)l .. n T 1 .. ·If.::. F'U 
WEF~b OF (..~ NUI'1I::lli~:F:( r:i::N"rE::I~(ED" II C:I"'IF~:*; \ :I. 7 ) 
40 I I\IF:'U r "I\IUI .... IBEI:~ "~X n ~;;'F:( .[ NT 
~.:;Q) II\IPl.rT "I .. ·IOW Ivl(·~I\lY F::'DWEF:d::) "n 1\1: F'H 11\1'1 
bl2l I I:::' 1\1<.:1. UF:( 1\1<.:> J 1\1 r \ 1\1 ll!-·iEI\1 F'fi( J NT" (..~I\I I: N T 
EE1EH F:;·I.. .. E~··)!;3E II r. GO 'I'D ~:.:.:!(1.) 

7(1.) REM THE CALCULATION AND PR[NT ClUT 
H(1.) PF~ I 1\1"1' CI"'''::($: (~:.'j) ":I: X" I" CHr:(:;~~ ( :I. 7 ) 
9(1.) Y::::::I. 

100 FOR ,[=1 TO I\I:Y=Y*X:PRINT l:Y:I\IEXT 
:1. 1 Q) r:'I:~ 1 NT : pn I I\IT C 1· .. 1 F,:*: ( :I. ~.'.:i4) • "('·~I\IClrHEF( GO',? y 

DR 1\1" 
:I. :,?12l GET' ():$:: I F G~":·::.:>" Y" (.:~ND G:$:·:::>" 1\1" lHI::::N I 
:.?lI.J 
:I. .::!;!i:) IF [:):*:.",,, Y" rl .. ·IEN F:(UN 
:1.'l·Q) PHINT' CI .. HH.(:l.41) "BYE FOF~ NCJW"~E.ND 

37 



Mathematics on the Commodore 64 

If the number N is too large you'll get an overflow error. 

You can add a few lines to test for a possible overflow and escape. 

1~ REM POWERS PLUS 
~?Ql Pf:\ INT CHf:i:~;: ( 1 "1·1) "CHH:a;: ( J ~:.'.')~I;' \I F'UW\:::. 
F~!::)" CHF~~'I> ( :I. 7 ) 
:::::r;~ F'I::\ 11\1 r "rl· .. 1 I H 1:~'F\OC)H(..)\v1 F'rl J NTH elU r I 1 .. 11:::: F'Cl 
WEI:~!::) OF (..~ I"JUlvIElE:f:i 1::::1\1'" EHED .. " CHI::\·.*: \ 1 J ) 
i·I,Ql J: 1\IPur "I\IUIVIBEFI "~X: F'F( J: 1\1 r 
~':;Ql II\IF'l.JT "HOW 1'1('·""Y F'UWE:r:m "= 1\1 ~ I::·'F·, 11\11 
bQl IF I\I<:L UI::\ 1\1<.> J 1\1 r (1\1) IHEN F'j::\ J 1\1 r " ("~I\I 11\11' 
I:::: G E: I::, PI.. .. E ?;~ U I::: I I : G Cl T 0 :'.':J (lJ 

6~.7j IF' (1\1+,:1.) ·~·L.Ul:·l «(.·m!::) ( X) ) ".:1. :,?I:dH".Cll.~·) (:~::) 'II .. ·IFN 
F'I:( I N'r "YOU 1.. .. 1.. .. 1:::'I::dJElM:'H". Y UV[HF I....ClW" II PH I 1\1 T 
7Ql REM rHE CALCULATION AND PRJI\IT OUT 
HQl F·'Fi I NT CI"'IFi:~;: (:'.',',) "]: X·' I" C 1'''1 Fdi: ( :I. 7 ) 
i:;JQl Y::::::I. 
1 QlI2.) F'C)F( J: ::::::1. T Cl 1\1: Y ::::: Y .~. X ~ 1:·:'1:·\ J 1\1 r I.: Y ~ NI:::: X T 
11 Ql F'H 11\1"1: F'I~ 11\1"1" CHFi:*: ( :1. :':,'.;.(.~) • " {~NUTI·"IE:.Fi UU"}y 

I.::lF\ 1\1" 
1 :2Ql C')Ef [.);:\;: = I: F r:):;~:·::::-" Y" (.·)1\10 13:a;:,:::-" 1\1" T I .. H::.I\I 
::;::12.) 
:I. ::'!; 12.) r F C·) :a;: ,:::: " y" r H r:::: 1\1 1::( U hi 
t 'l·Ql F::'F~ 11\1"1' CI .. HU: ( I. 1.1· /) "D YIi::: FClH !\IUW II : E::I\IL) 

The Commodore 64 can also calculate the power N of a number X by 
using PRINT XjN. 

:I v.l F:< [:\VI F' Cl WI:::: F( b i·~ G (..~ I "I 
2(2) PH II\IT' CI .. n:\:*: ( :I. 47) "C~'HH: ( :1. ~5"1·) " 
(.·~G(.~~ I 1\1" CI"'W(:~;: ( :1.7) 
:::;(2) PF\ I I\IT' "'1"1 .. ·1 I S I:::'F,C) (:3F< (,·W/I F'H I I\lT!::) m.rI"T'I .. IE: F'D 
WI::::F(!::) OF f.'i NUlvlBEn r::::NTEF,I::::D" " CI"'IF(:*: ( 17;' 
412.) I 1\IPUr "l\Il..Jlvn:·:O::':F:;: ": X ~ F'F:, I I\IT 
::.';(1.1 1 NF'l..!"r "HUW I"I("~I\IY PClWEHb ": N: F'n 11\1 T 
bQl IF 1\1<:1. CH:( 1'1<.:> 11'1 r (N > 'I" I· .. IE hi F·'F\ I 1\1'1"" (..)1\1 11'1 r 
E:GEF:( F'LE(.:\!::,C " = ClOT Cl ~;':'(2) 

7Ql IF (N+l)*LClG(A8U(X»:>126*LClG(2) fHEI\I 
F'f:, I 1\1''1'' " VClU '1.. .. 1... F'F\CJr::«~BL.. Y OVI::::nFl...ClW" ~ PF~:I. N'T 
8(2) HEM T'HE CALCULATION AND PRINT' UUT 
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90 F:"F< I 1\1'" cl··ln:a;: (~.;.;i)" X ..... I " CI .. ·lFd" ( :l '/ ) 
J (I.)!l) FClF< I ;:::::1. ru 1\1 = F'r:: I I\If .I.:; X·' I :: hiE. Xl 
:I. 10 F'H I I\IT: F'F< II'fT CHH:$: ( :I. ~5i.1·) " "("~"IOrHE.F~ ElL)',' Y 

em 1\1" 
:I. 20 (3El c·):~;; = .I: F C):~;::::>" 'y" f·)I\ID C):i;::::.>" N "f I"'IE:I\I .I. 
:2(7.) 
.I. ::m I F' (3 :~;: ::::: " 'y' " f 1 .. 1 t::: 1\1 F:(l .. JI\1 
:I. ·<l0 F'H 11\1 T CHF<:*: ( :I. 4'7) " B YIi:: FUF, 1\1 0 1A) " : I:::.I\ID 

As you may know or can soon discover, N does not have to be a whole 
number. 

But what does 2i1. 7 mean? It is reasonable that it should be a number 
between 2j1 and 2j2, that is, between 2 and 4. Indeed, the value of 2i1.7 is 
about 3.24900959. An approximate way of finding the value of 2i 1.7 (with­
out using your computer) is to use some graph paper. Plot the powers of 2 
from the first power to the fifth power - see Figure 15. Next draw a 
smooth curve through these points - see Figure 16. The approximate value 
of 2i1. 7 can be read from this graph - see Figure 17. 

Similar graphs could be drawn for powers of other numbers. Of 
course, you need not do this since your Commodore 64 will give the 
answer immediately. 

Negative powers of numbers also make sense, these are simply defined 
by the following rule: 

X-N = l/XN. 

Thus 2- 2 = 1/22 which is 114 or 0.25. By convention, the zero-th power 
of a number is 1. 

Powers of a number behave in a nice way according to the following 
rule: 

XM * XN = XM+N. 

So that, for instance, 

34 * 32 = 36 

and 

10- 2 * 103 = 101• 

Square roots 
For a number X the number XII2 has a special name - it is called the 
square root of X. The square root of a number is that number whose 
square is the number. Thus the square root of 9 is 3 and the square root 
of 2 is approximately 1.41421356 as you can readily check by multiplying 
this number with itself. 
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Chapter 4 Powers 

The notation XlI2 for the square root of X fits into the way that 
multiplication of powers works: 

which is X of course. 
The square root of a number X can also be found with the Commo­

dore 64 by using PRINT SQR(X). 

Imaginary numbers? 
The square of a number is always positive and so you should not expect 
to be able to find the square root of a negative number. Indeed if you ask 
the Commodore 64 to PRINT SQR( -1) it will respond with an ILLE­
GAL QUANTITY ERROR message. 

You may have heard of imaginary numbers and complex numbers 
which are associated with square roots of negative numbers. Mathemati­
cians are never deterred by seemingly impossible things such as the 
square root of - 1. One simply creates a new symbol to stand for this 
number. Thus we let I stand for the square root of - 1. There is nothing 
strange about this, 1 exists in the same way as negative numbers exist. 

We can add the number I to itself, to other numbers and multiply it by 
other numbers. We can therefore form numbers such as 

2 + 3*1, 1.41412*1, 9 - I, 10 - 8*1. 

Numbers involving I are called complex numbers, usually to distin­
guish them from ordinary or real numbers. Any complex number may be 
written in the form 

X + Y*I 

for some real numbers X and Y. We call X the real part and Y the 
imaginary part of the complex number. 

Once we decide to use the symbol I for SQR( - 1) we can find square 
roots of other negative numbers. 

SQR(X) SQR(ABS(X)*SGN(X)) 
= SQR(ABS(X))) * SQR(SGN(X)) 

Thus, for instance, 

SQR( - 9) SQR(9) * SQR( - 1) 
= 3*1. 

But, of course, the Commodore 64 will not operate this way because it 
doesn't know about complex numbers. 
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The next program shows how you could incorporate complex numbers 
within your Commodore 64. Simple arithmetic operations may then be 
performed. Note that multiplication of complex numbers follows the 
following rule. 

(A + B*I) * (C + D*I) = A*C + A*D*I + B*I*C + B*I*D*I 
= A*C + A*D*I + B*C*I + B*D*I*I 
= A*C + A*D*I + B*C*I + B*D*-1 
= A*C - B*D + (A*D + B*C)*I 

[0 REM COMPLEX NUM8ERS 
:,;:: 0 F' H I I\lT c:: 1···1 F~ :*: ( :I. 4"/) • C H H :*: ( :I. ~5 "I· ) II C U Ivl F' 1.... E X j\I 

l.,WIBE::m:)" CI"'IF:(:~;: ( 17) 
.:';;0 F'F\ I 1\1'1" "T'I"'I I t; F'F:(C)(3F\{~I"1 F'r::::HF'ClF(I"I~:) I"IUI.... r I F'l. .. I 
C('~T I UI\I'I 
40 F'f< I NT II ~~ND D I V I ~:3 I C)I\I UF CClI"IF'l."t:: X I\IUI"IE<f.:::R 
~::)." CHf~:$: (1."/) 
~50 F'F< I N T II Fbi TE:f:( CUMF::'L"E:X I\IUlvIBE:f(S {~E; 1::(E:ClUE: 
t::lTED" " CHH:*: ( 1."/) 
b0 F'I::( J NT' CHFU: ( .I. :.':iB) "F I RHT' 1\ILWiBEH" CI"HU: ( .I. 
/ ) 

/0 I NF'l.JT" REJ~L F'{·mr "= () 
!::lQ) I NF'Lrr "I 1'1(.·\(31 N~·H:(Y F'('~Rr "= B r. I:;'I:~ I N,,[ 
9(1.) F'R:r NT "bE:COND 1\IUMm::R" CI-HU: ( J. 7) 
1 (2)(2) 1 NI:::'UT " F(EAL" I::·'(..\HT "= C 
1 ill) I NF'l.,J r "I 1"lf,'i(;:lI N('·'iHY P(.·iRT ": D ~ PF:d 1\1 T 
:I. 20 PH I I\IT Ci"HU ( 1. ~.:j4) "WI"'i('''l DC) YCH..J W(..\Nf T () 

DU?" 
.l. ::::;(.i) F'F\ 1 N T 1':1. MUI....T I Pl.... Y rHETWCl I\lUlvIB~::F:(b" II 

:I. 4(2) I::'R I Nl ":2 D I V I DI::.'I HF":" F T RBI 1\IUlyIFlEF< E{ Y 
THE:: bECOI\ID II Cl-'I~(:*: ( :I. ~:.:.'iH) 

:1, ::,:.:j0 II\lF't.!'! "EI\fIEf~ 1 DR :? ": 1\1: f::'f~ 11\1 T 
160 IF N~}l AND N()2 T'HEN 150 
.1.7(2) ON N GOGU8 3(2)0.350 
J. H Vol F' f:( I I\IT : F' F:~ I Nf C ~"I F(*: ( :I. ::,:; l~) " "~.~ 1\1 OT H I~:f~ (3 U '? y 

(J F:< 1\1" 
j (:;;0 UE'T C;):*: : IF (3:*:<;. II y II PIND c:.):*:<.> I'NI'fl"'IEI,1 1 

,;::1l)0 IF (-3:*::::::" Y" THEN HUN 
:,;::10 F:'I:~lNT CHI~:*: (:1.4'7) I'DYE FUF< I\IOW": E:ND 
300 REM MULTIPLICATION 
::~; U;~ F'Fn I\lT CHF~:j (:'.':j) "THE:: F'HDl)UCT DF THE \\ILJ 
i"IBE::R~::): " 
::;:~::(Z) F'H I NT II 
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:::!;::~;tz) F'F~ I N'T "ll"I('~G I N~:~nY Pf.'.iF(T ": ?~'K'D+B'K'C 
~:; 1.1· tz) t:( f.::: .. '" U I:~ N 
:::!; ~:5(Z) F:~ E 1"1 D:I: V I l::; :I: Cl N 
360 X-C*C+D*D:IF X-tz) THEN rt:(INT CHnS(5) 
"D I V I !:~;], 01\1 NOr pc:m~:; 1 BI.. .. E" : I::~E·TL.JI::(N 
:::;;712) PFdl\lr CI"H:;::~:· (:.'5) "THE DJ:VU:;:[(JI\I OF' 'THE F' 
II::(H"I BY !::;I::::COND ~ II 

.::!;Htz) r:'Fn NT " nF.:::('·~L.. p(..'ltl::n· "= U'~'II-C'+'B'M'D) / X 
:::!; (:1 ((,1 F;'I::~:t: 1\1"1' ":t: M("~C):( N('·\F~Y P{W(T "~( .... ·?~·K·D+B·K·C) I X 
1.1· tz)(t.) 1::~Er L.IF~I\I 

F(E:f.:jDY. 

Quadratic equations 
Quadratic equations often arise when solving problems of one sort or 
another. The general form of a quadratic equation is 

A *X2 + B*X + C = 0 

where A, Band C are known numbers with A non-zero. The problem is 
to find those numbers X that satisfy the equation. These are called the 
roots of the quadratic equation. For example the values X = 1 and X = 
2 satisfy the following quadratic equation 

X2 - 3*X + 2 = 0 

as you can readily verify. 
Usually there are two roots to a quadratic equation, often the roots are 

complex numbers. 
There is a very straightforward formula which provides the roots of a 

quadratric equation. The roots of a quadratic equation are given by 

- B+ SQR(B2_4*A*C) 

2*A 

and 

- B - SQR(B2_4*A*C) 

2*A 

The key to the nature of the roots is found in that part of the formula 
involving the square root function, 

SQR(B2 - 4* A *C) 

which is called the discriminant. 
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If B2 - 4*A*C> 0 then there are two real roots. 
If B2 - 4*A*C = 0 then the two roots are real and the same. 
If B2 - 4* A *C < 0 then there are two complex roots. 

The next program calculates the roots of a quadratic equation. 

10 REM QUADRATIC EQUATIONS 
:,;::0 F'F~ II\lf CHF<:*: ( :I. "1·/) "CHFU: ( :1. ~:::J.(l) "G!l..J('~Dr\f.·iT:I: C 
EGll..J~:~r 1 (IN!::) II CI"'II::~:*: ( 17 ) 
::~;0 PR I NT "fH:[ El F'f<OGF:<(.·il'1 !::IOI.. .. VE:S C;ll.Jf·~l.)r<('~T:I: C 
~::: Cl U (..) r I CJ I\I!::) " 
1.1·0 PR I NT' "I.. .. I I<E::: f·)·jj· X -IE. X '1- Ei'M' X "". C ::::: 0,," CI .. ·IF< 
~f.: Ul) 

~.:.'i0 ,[ NPl.JT "W)L...L.JE DF (..) ": (.:):: PF< I N r 
6 (i.) 1 F (.:~:r.::0 lHI::N I:::'H I N'T 11 (.~ C(.;~NI\IClT BE H:.I::(c)" 
rF<Y (.:)Gf:~IN,,": C:')OTU ~50 

70 :r NPUT "W)I....l .. JE: OF: B ": [<: F'I::~ I NT 
!::l0 J: I\iPUT "WH..l..JE UF C ": C ~ \:::'H I NT 
90 REM STAHT OF CALCULAllUN 
:I. 00 [) .. ::B-IE·B .... ·4·1t(..~·jj·C 
110 PRINT CHR$(158) ~ON SGN([)+2 GUSU8 20 
o . ::::;Q!0 • l:10(2) 
:I. :;:::0 PF:< I 1\1 T: PR I hiT CI .. HU: ( :I. ~:':;4) , "Pli\lCJTI"'II::]~ C')D"? Y 

cn:( N" 
:I. 50 (3E'T' (3:*. ~ IF' (3:*:<:::" Y" (~hlD (3:a,::::)o "I\I"T'I· .. IE:I\I :I. 
::::;Q! 
.1.40 IF G:*:::::" Y "THEN Fd.JN 
1~50 PI:<II\lT CHr;<:;j;: (14'7) "BYE: FClH NUW": 1:::.1\10 
200 REM TWO CUMPLEX RUDTS 
:;;:: 1 0 F'I:~ I I\lT "T HI:::}~E ('~F:\E 'fWD CC:WIPI..J:. X r<OUT b. " 

CHFH,: (17) 
220 X~-B/A/2:Y~A8S(SClH(-D)/A/2) 
~,;:~::::;0 I:::'F~ 1 NT X = "+-" r. Y: CI"'U::~:¥ ( 1 !::.i'J) :: "'M'l" 
240 I:::'n I 1\1"1" X ~ " ..... " :'i: CHr<:~i: ( :L ~:5'J) ~ "'M' I " 
:2~:,:;v.J F~ETUr~N 

500 REM TWO EQUAL ROOTS 
::::; 1. 0 PF~ J: 1\1"1' II "n'1t::rWO F(OCl TG ('·~Rr::. ECH..Jf.~I.. .. ,," CI .. ·IH 
:~;: (17) 

::::; :;::~ 0 p f:~ II\1T .... D / ?~ / :;::: 
::::; :'::;(f.) m:.:r UF( 1\1 

400 REM TWO REAL ROOTS 
410 PR I 1\1''1' "II"'IEI:~E: ('·1F~Er WU F:d:::.('·H ... F~UC)"l B,," CH 
I::(a,: ( :L ! ) 
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4~0 D-SQR(O): ~-,-8-D!/~:IF 8~0 THEN X-t­
El""'!) / >: 
430 PRINT X/~=~RINf C,X 
':1· 4 (1.) F( 1::.Il.l h 1\1 

If there are two real roots, then the program uses the quadratic for­
mula to find one of the roots - the one with the largest absolute value. 
The other root is found by using the fact that the product of the two 
roots is C/ A. 

Solving other equations 
Solving quadratic equations is relatively straightforward. This is not so 
for other equations such as 

9*X5 - 3*X4 + Xl - X2 + 5*X - 4 = o. 

If the equation only involves non-negative integral powers of X, as in 
the example above, we call the equation a polynomial equation. The 
largest non-zero power of X that occurs is called the degree of the poly­
nomial. In the above equation the degree is 5. The quadratic equation is a 
polynomial equation of degree 2. Quadratic equations usually have 2 
roots; a polynomial equation of degree N usually has N roots. 

Apart from some special cases there are no general formulae for 
solving polynomial equations. Indeed this lack has led to some very 
interesting mathematics, but that's another story and will not be covered 
here. 

We can, however, use our Commodore 64 to work out roots of poly­
nomial equations by a repeated guess-and-try process. Essentially the 
computer tries many different numbers to find out which satisfies the 
equation. 

The next program provides a method of finding a real root of a poly­
nomial equation. It is mathematically crude and occasionally will not 
find a root, even if there is one. The program does however illustrate the 
general method involved. 

10 REM POLY ROOfS 
:::~ Vol F' H 11\1 r C 1 ... 11::, :~;: ( :I. -4 7) "C 1··1 j:( :1': i .I. ;.::i 4 ) , I I.: U D r H U F F' 
ut... y j\1(JI"1 I ('·~L. ~:; " CI"IH:~;: ( :L '/ ) 
,:::;0 F'I::': I 1\1 r II T 1 .. ,1 I b F'I::ClE')H()I"1 (.:) r'IEI"IF' lh ILl F II\ID 
r~()ClI ~3 OF II 

4llJ I::'H'[ I\IT " F'ClL. VI\IUI"I I (..)1.... U UUCH (.,)~::; " CI"'IH:~;: ( II ) 
:::,:ill.l F'n I 1\1"1' ,,(.,),~. X "1\1 + E.\~. X ' (1\1 .... 1.) + "" C,~ X 
.",. D II::: 0" " 
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60 I NPUr "DE:::EmEE DF POI.. .. Y NUI"I I ~,~L.. 1/: 1\1: PFI I 1\1 r 
"70 IF N< 2 OR N<:::- IN""\"' (1\1) "n"'IEI\l PR I 1\1"1' 1/ I NT EG) 
ER PLEAf.:IE. 1/ : GCrrO 60 
80 DIM {~( N) : PFU 1\1'1" 1/ E 1\1 'TEFl CCH:::F'F<I: C If:::I\IT ~:; 'T I:, 
RM BY T'EFI!"I. II CHF(:$: ( 1"7) 
<7'0 Fm~ :c ""'0 T Cl N 
100 :£ F 1< NT'HEN F'n:r l\j"r II COEI:::F:: I C I 1::::1\1''1'' OF 
X"'" " = I''II D ~~: ( 8 "1" R::j;: ( N .. ·, :c ) • :;,;:) : 
:l10 IF I""'NT'HEN F:'RINT' "CClNSr~,~"lr CDEFFICI 
EN"!''' : 
120 INF'LJl A(I) 
1 :~:;0 I F I,~ «(2) ::"(2) THEN F'I::\:£ N"r II NOT lEFIO F'L,E('~S 

E.":t1ClTD 1(2)(2) 
1. 4(2) I\lE X T 
1 ~5(2) PR 1 NT = PH:£ NT "EI\ITEFI f~?il\l(;~E ClVEFI WH:r CH 
SE?\RCH OF ROOTS II 
16(2) PR I NT "I S fO BE ~:~fTEjVIP fED." CI .. HU: ( :I. n 
:I.}(2) 1: NPLJT "LOWER v('~LUE. "= ~1 
18(2) INPUT "UPPEr.;: v('~I.. .. UE "= B: PFIJ:N'T' 
190 1: F A >::::8 THEN F'FI I NT "F I F.;:s"r V('~L .. UE !::;HClU 
LD BE LOWER.": GO"I"O 1"7(2) 
2(21(2) REM SE:('·\RCH 
21(2) S::::8-A:T=(2):fEST::::-l:U=lE-9 
2:~~(2) PFUNT "TEST RUN" ~ T+l: "**,,, = :1.0''''''1 = "DIVl 
S IONS *,jt": GDSUB :3(2)0 
230 IF TEST THEN S~S/:l.0:T=T+l:IF T<4 THE 
N G(JTO :';:~20 

24,0 IF T::::4 THEN PR I NT: PR I NT "CANNel r L.OCA 
Te:: ROOTS .... SORRY. II 

2::7i0 PR I NT: PR I NT CHFU: ( :I. ~:S4) • II ~,~NClrHEFI GO? Y 
OR Nfl 

260 (:-lET (~):S:: IF' r:l:i<::> II Y II ?~"'D G:$:<;::' II N" THEI\I :;;:~ 
6121 
270 I F G~f:==" Y" THEN F~UN 

280 PRINT CHR$(147) "BYE FOR NClW":END 
31210 REM STEP BY STEP SEARCH 
310 X=A:GOSUB 400:Xl==A:Yl=Y 
320 FOR X=A+S TO B STEP S 
33121 GOSUB 41Zl0:X2=X:Y2=Y 
340 IF Yl*Y2<=D THEN GOSUB 500 
:350 Y 1=Y2: X 1 ==X 
:-::60 NEX r 
~~·'0 RETURN 
400 REM EVALUATING POLYNOMIAL 

48 



Chapter 4 Powers 

41~ Y~A(~)=FOR I~l 10 N:Y~Y*X+A(I)=NEXl 
4:.;:~t2) HErUF~N 

50~ REM FINE TUNING SOLUTION 
::7; 1 ~ PH I NT "F 1 NE 'TUN I I'IG SOL .. !..!"!":I. ON" : B:*:"t: II II 

52~ IF ABS(Yl)(D THEN X~Xl:GOrO 59~ 
53~ IF ABS(Y2)(D THEN X~X2~GOTO 590 
54~ Z~X=X~(Xl+X2)/2:GOSUB 4~m 
55m IF ABS(Y)(C THEN 59~ 
~S6(2) I F ~,~B!::l ( z .. , X ) ( D f'HEN B:~:::::" PF~ClB("H~H .. , Y "II GO 
TO ~,)9~ 

57~ IF Y*Y2)~ THEN X2~X:GOTO 54~ 
58~ Xl~X=GOTO 54(2) 
~::j9(2) PR I NT': F'F~ I NT' "T'HEF(E :[ !::l II B:$ II (.,~ nonr {~ 
T II ~ X = TE!:l'T ,.::(2): X.:::8 
6m(2) f:;:E:'fUHI\1 

RE(.,H)Y. 

Occasionally the program will say that there is PROBABLY a root at 
some number. To check if it is a root, or to check how close it is to a root, 
type the following after typing N to another go. 

X=Z:GOSUB 400:PRINT Y 

The value of the number printed tells you how close you are to a root. 

Newton's method 
The method of finding roots of equations given in the previous section 
can be improved by using the so-called Newton's method. 

Suppose we want to find a root of the polynomial equation 

9*X5 - 3*X4 + X3 - X2 + 5*X - 4 = 0 

Denote the polynomial function by P(X) and let P'(X) be the following 
polynomial. 

5*9*X4 - 4*3*X3 + 3*X2 - 2*X + 5. 

In fact P'(X) is the derivative of P(X), but this need not concern us. 
Now, if Y is approximately a root of the equation P(X) = 0 then the 
following 

Y - P(Y)/P'(Y) 
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is usually a better approximation provided that P'(Y) is non-zero. 
The next program uses this technique to find roots of polynomial 

equations. 

1m REM POLY ROOTS VIA NEW rUN 
:;':!(2) PI:~ I NT CHFH: ( 11.1·,)) CI .. HU: ( :I. ~:;.I;I·) "I:~ocrr ~::; UF: r·' 
CJI....YNnl..,II(..~I.".€:; BY NE:WTON'H l'1Erl .. ·IUl.)" " 
::::; (2) P I:~ 1 NT "T' H I ~::) I:::' I:~ U E":~ (..~ 1"1 (.yr l E 1'1 PI ~:31 0 1::·.1. 1\1 D 
R Cl on::, Cl F " 
4(2) F'F( I 1'1 r "f;·'OI .... YI\lOI'1 I {·\i...,H UUCI .. ·I f'~~::;" CHI;(:~i, ( :17) 
~:m PfH N'T "(.':~-M' X · .. ·1\1 +- EHE' X'" < N",<I.) -+ .,," +, c,~, x 
+. D om: m. " 
6(2) I NPUr "DEE')F~EE OF I;::'UL... yI\lUI"'I:I: (,K, ": N: f'f:( .r 1\1 T 
1(7.) IF N< ::::~ Clf:( 1\1<:> 11\1 r (1\1 )'I"HEN PF~ J: NT "11\1'1 E(3 
E:I:~ PI.."Ef·~!:)E,," = (3CJ'rO 6(2) 
B(2) D I 1'1 ?~ (1\1) : PI:~ I NT "I::::I\lrEf~ CClI:::FF I c:t 1::::1\1 T S T E 
FWI ElY TEI::~M,," C~"IR*: ( :1. 7) 
9(7.) F:OI:~ 1'''''(7.) TO N 
1 (2)(2) I F I <: 1\1 rl· .. IEN F'F( I NT''' CClI:::,I:::f:: I C I EI\IT OF 
X·····" ; I'll D:*: (ST'F:~:*: (N"·· I) ":~~) = 
11m IF I:m:N THEN F'f~II\Ir "CClN€:,r{)I\IT' CClEFF:ICI 
EN'!''' = 
:I. 2(1.) I NPur ,.) ( I ) 
:1.:::;(2) If::' (.·~«(7.): .. ,(7.)rHEN F'f~II\I'I" "1\101' IEI::(CJ F'I."E(1H 
E..":GO"lU :1.(7.)(2) 
140 NEXT' 
:I. ~.'.'! (7.) I:::' F:( I 1\1''1'' = P 1::( I 1\1 I " I:::. N r I:::.f:~ (..) (:3 U E SSW) 1.." LH:: F U F( 

{.\ ROOT,," CHF:(:*: ( 1'7 ) 
1. b0 I NF'U T' "r,uf.:::~::;~:) "= x = PI:<.t: 1\1 'I 
17(7.) REM CALCULATING P <Xl 
180 DIM BCN) ~FOR 1=0 '10 1\I:8(I)-<N-l)*A<1 
) = 1\1\:::: x T 
190 BOGU8 500 = REM FINDING ROOr 
2(2)0 F~E::I'1 END I N[~) 
210 PH I I\lT : PF~ I 1\1 r CI ... IFU: ( :I. ~S4) , "(..~",C) '1'1 .. ·11::::1::< GU"? y 

ClI:~ N" 
220 GET' r'3~: : IF (3:~i:·::.:>" y" f:~I\lD (:;):*:.:;. ,>" 1\1 "T'I"'II::::I\I,;:: 

~:~::::;(7.) .I: F (-3:*:: • .::" Y " rHEI\1 1::<l.JI\I 
24(2) PF~ I I\IT' CHF~:*: C 147) "BYE 1:;:'01:< I\IOW" = I:::.I\ID 
4(7.)0 REM EVALUATING POLYNOMIAL 
410 V~A(0):FOR I~1 TO N:Y-V*X+ACI):NEX"I 
420 Yl=8(0):FOR 1=1 TO N-l:Vl=Yl*X+8(!): 
NI:::XT 
4:::;:((.) F~ETl..JF(I\1 
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500 REM FINDING SOLUTION 
510 J=1:D=lE-9:GOSU8 400 
520 IF A8S(Y)(D THEN 590 
~.::i.:::;0 IF Y l :::::0 T HE::: l\l F'F< I NT II D I V I ~::; I UI\I 8Y l E:::r;:Cl 

..... bUF:<F(V ..... Ivl('·~I<E:: nNClrl"'IE:f~ C)UE:~::)U. II :: HETUF~N 

540 l=X:X=X-Y/Y1:J=J+l:GClGUB 400 
550 IF A8S(Y)(D THEN 590 
::560 I F (.:~BD ( l ..... X) .:: D TTH::I\I O:~;:::::: II F'I::(UD(.:~EH ... Y ": C3D 
TU ::::;90 
~::.. Jill IF ,:1:> 1000 THEN F:'R 11\11 "bUI::if:<Y" C('~I\I r F 
1 ND n F(UCl T • " : F(E::TLH~I\I 

::.:j H III (:)U r U ::5::::0 

~:.'!\:r0 F'F< .1.1\11 :: F::'F< 1.1\11 II THt::I::,E .I:~::; " j':·.!:if II n HUU f (0.1 
/I : X 

Exponential function 
Functions like 2\ lOX are called power junctions, because the variable X 
occurs as a power. Power functions are accessed on the Commodore 64 
by using PRINT 2TX etc. There is one important power function that the 
Commodore 64 singles out; the exponential function EXP(X). 

The exponential function is based on powers of the number E which 
has the value 2.71828183 approximately. Do not confuse this E with the 
E that appears when numbers are printed using scientific notation. The 
number E itself is defined by the following: 

E=I+ + + + + + + 
1 ! 2! 3! 4! 5! 6! 

where ... means that the sum carries on forever, and the symbol! stands 
for factorial which is defined by 

N! = N * (N - 1) * (N - 2) * ... * 2 * 1 

that is, the product of the integers from 1 to N. For instance, 4! is 
4*3*2* 1 which is 24. 

The exponential function is defined by 

EXP(X) = EX 
= ETX. 
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So that, in particular, E = EXP(l). Try typing the following on 
your 64. 

E = EXP(l) 
PRINT Ej5, EXP(5) 

Because of the properties of power functions we have the 
following properties of the exponential function. 

EXP(X)*EXP(Y) EXP(X + Y) 
EXP(X)/EXP(Y) = EXP(X - Y) 

There is a very straightforward formula which may be used to 
calculate EXP(X) for any number X. This is given as follows: 

EXP(X) = 1 + X + X2 + X3 + X4 + Xl + X6 + 
I! 2! 3! 4! 5! 6! 

Logarithmic function 
What number X satisfies EXP(X) = 3? Since EXP(l) = 
2.71828183 we see that X is just over 1. In fact the answer is 
1.09861229 approximately. 

The number X that satisfies EXP(X) = N is called the (natural) 
logarithm of N. It is usually denoted by LN(N). But, in common 
with most microcomputers, the Commodore denotes it by 
LOG(N). 

The logarithmic function has the following properties. 

LOG(X*Y) = LOG(X) + LOG(Y) 
LOG(X/Y) = LOG(X) - LOG(Y) 
LOG(X") = N*LOG(X) 

It is because of these properties that logarithms are important when 
performing multiplication, division etc., without computers. 

The following relations hold between the exponential and 
logarithmic function. 

EXP(LOG(N» N 
LOG(EXP(N» = N 

One simple use of the logarithmic function is testing of large 
numbers. For instance, the number X satisfies the relation 

X< lOiN 

if and only if the following relation is satisfied 

LOG(X)< N*LOG(lO). 
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Such a reformulation is useful because the number lOjN itself may cause an 
OVERFLOW ERROR. 

Roots of other functions 
Given a function such as X*EXP(X) + 1, a root of the function is a 

number which when substituted into the function gives o. 

Two programs for finding the roots of quadratic equations were given 
earlier on. The first of these can be adapted for finding roots of other 
functions. When the program is RUN you will be asked to type in two lines: 

100 DEF FNA (X) = enter function of X here 
GOTO 100 

Enter the function whose root you want in the first line. 

10 REM RDOfS OF FUNC1IONS 
:,;:~Ii.'l PI:~ I Nl CHI:~::t;: ( 14'7) • C~·iF~:*: ( :I. ~::;4) " HDCrrn OF 
F"UNCT I elM::)" CI"'lf~:*: ( :I. '7) 
::m P F~ I 1\,j"1" " "I'}·II ~:3 p I:~ m-m M"I (..~ "r ''I'' E I~I F' "'f !5r Cl F: 1M) 
Fd::lCl r~::) OF' FUI\ICT" I Ol\lt~)." CHH:$: ( :1, '7) 
4,1i.'l PF~ 1: NT II TYI:::'E: r·::·UNCr ION OF X 11\lrHE: FOI.."L.. 
UW I I\IE~ F C)f:WI 10 

~.'.'j(2) PFU NT' CHF(~~: ( :L ~5f.3) ":1. 0(2) nEr:o FNf:~ ( X ) ""' X 'M·E X P 
( X)" CHn:*: ( :[ '7 ) 

bli.'l PF< I NT CHF(:$: ( 1 ~.'.'ii.I·) l'r~"IEI\I fVF'E II CHF~:*: ( :I. '7) 
'71i.'l PH I NT" CHFU: ( 1 ~m) "II (YKrrCl 1 ({HZ) II CI"H,:$ ( t~j,(4,) : 

END 
lli.'lli.'l DEF FNA(X)~X*EXP(X)*LClG(ABS(X)+:I.) 
:I. ~5(2) PH I I\lT ~ PR I N,,\,' II ENTEr~ I:,ANE,E DVEF-i: WH I CH 
!:;Ef,~nC~'i DF F,C)Cl'l"S; II 
:L t:)Q) F::'F~:r N"I' ":r ~:l TO BE f,~"r"rl::::I~IFrED,," CHfU: ( :L '7 ) 
l. 71i.'l I NPUT II LOWER Vf,'U..JE II: (4 
:I. 1:312) I NPl.rr II UPPER W~I.. .. l..JE "; B: r:'F:( I N'r 
:I. <:;>(2) I F f'~ >:::::8 "rHEN PR I 1\1"1' "F I nST Vf~L"l..JE !:)\"HJU 
I....D BE: L"CJWEF~." = (·,oro :l 712) 
::::: (lJ Q) f:~ E Ivl S E M~ C H 
21(2) S~B-A:r=(lJ:rEST~-:l:D~lE-9 

2::,~(lJ PI~INr "TEST RUN": ""\"+1 = "'M'*IO: 1(2)"",'1": "DIVI 
SlONE> 014,* II : GDS;UE! :::::(2)12) 
:~!'](2) 11::: TE:~3r "rHEN 8'::::81 :1,(2): ''I':m:'1'+:\': IF '1'<4- THE 
1\1 GO T Cl ~~ :212) 
24(2) JF'I''''''4 THEN F'RII\I'T': PFUI\lT "[;(.,iI\lI\IO'l" l...()Cf,~ 
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"1"1:::: F(UU'T S ... n !:3()F(F~'y." 

.2~.'5(1.) F'H'[ I\IT ~ F'f\ I 1\1 T cl .. m:$: ( :I. :54) " "(..~I\IOTHE::J\ (:;.)O? Y 

,~? 6 (I.) (:;.) E: T C~ :~,:: I F Cl :,1,: <: :>" 'y''' f,) 1\1l.) C1 :~':', .>" 1\1 "I 1 .. ·11:::: 1\1 .2 
6(1.) 
:~:~ 7' (I.) J: F (3 :,1,: "m " Y " f}'II:::: 1\1 I~\ U 1\1 
::;:~!:3(1.) F'n I I\IT CI .. HU: ( j,':j.'7) "ByE: F: C:H~ NU\io,I" ~ EI\I!) 
3(1.)(1.) nEM STEP BY STEP SEARCH 
31(1.) X~A:Y-FI\IA(X)~Xl-A:Yl=Y 

32(1.) Fon X~A+S TO 8 STEP S 
33(1.) Y~FI\IA(X) :X2-X~Y2~Y 

:::;4(1.) IF Y l·M·Y.:;:~< ''''DT HE::!\! CIObUB :.','j(l.)(i.) 

::~; ~'.:iQ) Y:l ::,:: Y:;::: X 1. ,,::, X 
:::!; 6(1.) NE xr 
:::!; ') (I.) f~I::, T UF\I\I 
50(1.) REM FINE TUNING SULUTION 
~51 (I.) PI::(]. 1\1"1 "r: I I\!E:: TUl\Ill\IU !::;ul...ur:l. 01\1" : Et$::::::" " 
52(1.) IF ABS(Y:I.)<:D THEN X-X:I.:GUTO 590 
53(1.) IF ABS(Y2)(D THEN X~X2:GUTU 59(1.) 
54(1.) Z-X:X-(Xl+X2)/2:Y-FNA(X) 
550 IF ABS(Y)(D THEN 590 
~:";6(1.) IF ('~B!:; ( Z ..... X) <. DTl·II::::N B:$:""''' F·FmEi("~BI.. .. Y ": t3D 
'r (J ~,:,i (:, (l) 

57(1.) IF Y*Y2j(l.) THEN X2-X:GDIO 54(1.) 
58(1.) Xl~X=GO'TU 540 

'I I. u X: r 1:::,~:31 llm(/.j: ,x: m'i,:} 

b(l.)(I.) I::(E:;: Tl..)f\N 

If you get the PROBABLY message, stop the program and type 

PRINT FNA(Z) 

to find out how close you are to a root. 
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CHAPTER 5 
Sequences 

Sequences (and series) are important concepts that appear all over the 
place. A sequence is just a list of number, for instance: 

1, 2, 3, 4, 5, 19, 7, 8, 12 
20, 18, 16, 14, 12, 10, 8 
1, 0.1, 0.01, 0.001, 0.0001, 0.00001, 0.000001 

The individual numbers or members of the sequence are called the terms 
of the sequence. Usually the sequence is created with some rhyme or 
reason, such as the last two above. The second one was created by using 
the formula 22 - 2*N for N = 1 to 7, while the last used 1O/l0N for N = 
1 to 7. Your Commodore 64 is good at creating sequences. The following 
simple program illustrates this. Insert your own formula (involving N) in 
the second line. 

10 REM SEQUENCE GENERATOR 
20 DEF FNA(N) = (insert formula involving N here) 
30 FOR N = 1 TO 10 
40 PRINT FNA(N);: IF N < 10 THEN PRINT CHR$(157); ","; 
50 NEXT 
60 PRINT 

Here are some sequences produced by this program for various differ­
ent formulae. Can you see what formula was used in each case? Check 
your guess by inserting the formula in the above program. (The answers 
are given later on in this section and further examples are given in subse­
quent sections.) 

(a) 1, 6, 11, 16, 21, 26, 31, 36, 41, 46 
(b) 1, 2, 4, 8, 16, 32, 64, 128, 256, 512 
(c) 1, 4, 9, 16, 25, 36, 49, 64, 81, 100 
(d) 1, 2, 4, 7, 11, 16, 22, 29, 37, 46 
(e) 4, 4, 8, 12, 20, 32, 52, 84, 136, 220 

The formulae for the first few sequences are not too difficult to 
determine. For (a) it is 5*N - 4, (for (b) it is 2iN12 while for (c) it is 
N*N. The fourth one (d) is not quite so easy to guess, it is (N*N - N 
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+ 2)12. Finally, the formula for the fifth one (e) is impossible to guess 
unless you've seen it before, in fact it is: 

4 * [NT ( «0.5 + SQR(5) /2)jN - (0.5 - SQR(5) / 2)jN) / SQR(5». 

Here are some other formulae that you might like to tryout. 

1 + (-l)jN 
N*( -1)jN 
[NT(S[N(N)* 10) 

Arithmetic sequences 
An arithmetic sequence or arithmetic progression is a sequence in which 
each term of the sequence is the sum of the preceding term and a con­
stant. Sequence (a) from the previous section is an example of an arith­
metic sequence. The general formula for an arithmetic sequence is given 
by 

A + (N-l)*D 

where A is the first term of the sequence and D is the common difference. 
Here are some further examples of arithmetic sequences. 

5, 10, 15,20,25,30, 35,40,45,50 
1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, 5, 5.5 
0, 2,4, 6, 8, 10, 12, 14, 16, 18 

(A = 5, D = 5) 
(A = 1, D = 0.5) 

(A = 0, D = 2) 

The following program may help you analyse arithmetic sequences. 
You enter the first term of the sequence, the common difference and the 
number of terms required. Notice that a formula is not required since the 
Commodore 64 does the calculation iteratively. In addition the program 
adds up all the terms in the sequence and gives you the answer. 

.I. VI HEI<I Hf( J. TI·WIf.;:. r:l C bECIUE:I'~[E.H 

.?(t.1 I:::'H II'JT cl·m:;j:: ( :I. 1.1·/) " "(.iH J THI'IET I C ~:;;[.c')L.IFI\IC:E::b 

" CI .. HU: ( :l 7) 
:ql.l F'I::~ I 1\11" "fl· .. 1 I ~::; C:f:(EJ~rE:~:; f·~h 11"'11"IE'I I C ~~)j~::c.)UEI,1 

CES." C 1·-1 R:$: ( 1 '/ ) 
40 I hlF'l.Jf "F: 1 f:(E.i 1 TEHI"i II: (~~ PI::;: 11\1 T 
~:.5(2) INPUT II CCiI'1lvIUi'J D I FF'I:~}(EI\IC:E "~D ~ F'h 11\1 r 
b0 I I\IF'U r "1\Il.WIBEF( OF TF.:::FWIU ": 1\1: F'F:;: I 1\1 r 
7(2) IF 1\1<:1. ClH 1\1<.> I 1\11 (1\1) TI·,EN 60 
80 REM THE SEQUENCE 
90 PI:< I 1\1''1 CI'''IP::I:~ (~::.'!) "'fHE ~:;;ECH .. JI:::,j\ICE::" 
100 TERM=A:SUM=0 
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I ,I, (I) I:: U H :I ::::: :I. T U 1\1 
I. :;':'(1) I: f::::!:U''''F'UH \ (I) ):, 1..,1::::1\1 (U TH:+ (TE:F,iYl» fl"IEhl F'H 
J 1\1 'I 
J ::::; 0 F' f:( I l\j TTl::: Fdvl ~ : J I: J ':, 1\111",1 E, 1\1 F' H J: 1\11 C 1",1 n :~:. ( :I. 
~5 'I) II II I f ~ 

140 SUM=SUM+IEHM: TEHM=IERM+D 
I ~::,:) (I) 1\1 EX T :I. 

:I bV.J F'r:( ,l 1\1 T : F'F( J 1\1 r: F'I:( .1.1\1 r CHf:;::~:· ( .I. ~:':)':t) r. "fl"'IE HLJlvI 
I ~::; II: H I,,,) 1'1 

I 7 (1) F'R J 1\11 :: I:' VI I 1\11 C H H:+ ( J ~:,:,Ii.f) " "(..11\1 Dr 1,,11:::: 1:( C, u? y 
UH Nil 

J H(1) C':)[ r C)::j:: = J F Cd:·.;: ,: " y" HI\ID CH:, :" :> "1\1" fHF,hl 1 
H(l! 

J 9(i:) If' C'il::::: " y " I'I'IEN HUhl 
:,?(i:1(1) F'R 11\1'1 [1"'llll ( .I. 47) "IJYE:, I:; UI:,: 1\IUlAl":: E,!'·,I!) 

HE,()DY" 

Which would you prefer? 
Suppose the publisher of this book offered you a job and then asked how 
you would like to be paid: "Which would you prefer? Start at £3000 per 
six months with a rise of £120 after every 6 months or start at £6120 a year 
with a rise of £240 after every year." The amount of money received each 
year with either choice follows an arithmetic progression. But one choice 
is far better than the other - the first choice. Can you see why? Look at 
the following calculations: 

First offer 

First year (First 6 months £3000) 
(Second 6 months £3120) 

£6120 
Second year (First 6 months £3240) 

(Second 6 months) £3360) 
£6600 

Third year (First 6 months £3480) 
(Second 6 months £3600) 

£7080 

Second offer 

£6120 

£6360 

£6600 

You can see that if you were to stay at the job for more than one year 
then the first offer is better. Notice that in the first offer the amount 
received during the first 6 months each year increases by £240, and so the 
annual increase in in fact £480. The annual salary for the first offer fits 
into the arithmetic sequence with formula 

6120 + (N -1)*480, 
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while the second has the formula 

6120 + (N - 1)*240 

Suppose you were given a third alternative: "Start with £1440 a quarter 
with a rise of £60 at the end of every 3 months." which offer would you 
prefer now? Hopefully the answer should be clear to you. The calcula­
tion would go as follows: 

First year 

Third offer 

(First 3 months £1440) 
(Second 3 months £1500) 

(Third 3 months £1560) 
(Fourth 3 months £1620) 

Second year (First 3 months £1680) 
(Second 3 months) £1740) 

(Third 3 months) £1800) 
(Fourth 3 months) £1860) 

£6120 

£7080 

If you compare any 3 monthly period from year to year then the increase 
is £240, but you get this every 3 months. Thus, with this new offer the 
annual increase is £960. 

Geometric sequences 
Another common type of sequence is the geometric sequence or geome­
tric progression. In a geometric sequence the ratio proceeds with a con­
stant ratio, for instance 

2, 6, 18, 54, 162 

where every term (except the first) is three times the previous term. The 
general formula for a geometric sequence is given by 

A * Rl(N -1) 

where A is the first term and R is the common ratio. 
Here are some further examples of geometric sequences. 

4, 2, 1, 0.5, 0.25, 0.125, 0.0625 
2, - 4, 8, -16, 32, - 64, 128 

(A = 4, R 0.5) 
(A = 2, R = -2) 

The next program may help you analyse geometric sequences. You 
enter the first term of the sequence, the common ratio and the number of 
terms required. Notice that a formula is not required since the Commo­
dore 64 does the calculation iteratively. In addition the program adds up 
all the terms in the sequence and gives you the answer. 
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1,1i) HI::,I"I (3I:::tJI"IE, IF:, J C bl::::()U[I\IC.E:~::; 

,,?(l) F'F( 11\11 CI"'IH :*: ( :I. 4 7) "II UI:::CII'IE "I'F\ 1 C ::;lE:UUE.I\IC I:;:: ;;; 
" L,~ H h l ( .I. 7 ) 

';(l) f:'H I 1\11 "1'1"'1.1 :;:; F'FdJ(':,H('WI [.F(EJ:) TF:H C3ECWIF:I HIe 
HF:()UE.I\ICF.b II 

4(1.') J I\IF'UT "F' I F<UTTEI::<lvl ": (.~:: F'F< 1NT 
~:::j(l) II\IF'l.JT "CUI'IIVIDI\1 h(.·~r I C) ": H ~ F:"F< I NT 

6(l) I 1\If::'U T "I\I\'WIDEH DF TFJllvib 1\: 1\1: F'f< I I\IT 
I(l) IF N<:I UH 1\1< >1NI (I\I)TI"'IEN 6(l) 
8(l) HEM THE SEQUENCE 
Cl(l) F'P 11\1 T (J'H,:+': (~.::) "I' I··IE HECH.JI::.NCE: 1\ CHH':j: I, :I.:; 
) 

J v) (l) I E]:( I'll ::::: (.'\1: ;::; U I"i ::::: (l) 
J :I (l) F: UI:\ :I. ::::: J I U 1\1 
1~0 IF 38-PUH«(l)<LEN\HrH$( IEPM» THEN PH 
11\11 
J .::qi:) F'I:, I. hll T F::}( I'll: : .I. F I:. 1\1 T 1 .. ·1 E:I\I F'r< J: 1\11 C 1·0::(+· \ :I. 

~."j7 ) It II" . , 
140 SUM-SUM+rEHM: TEHM=TEhM*h 
1 ~:::j\i:1 I\]E: X T ]. 
.I. b(l) I':'H J 1\1 T:: F'H I I\IT:: F'F:( ,[1\1 r CI .. IF:<:'I': ( 1 ~,:,:!9) : II'I'I'''IE :::;UI"I 

1 ~3 "~Hl..Ji't1 

.1. 7 (l) F' F( J N I = I:::' 1,:( I 1\1 r L: 1 .. ·1 R:I'· ( :I. ~::I "I·) " 1\ Ii N U 1'1"'11:::):( c:.)(]:., Y 
ur:, 1\111 

:I. U(l) [:)1:::. T (3:~;: = I Fell: .. : II y II ('~I\ID (:;.)::1,:::':> II N II T HE,I\I 
HIlJ 
:I. 9tl.) .I: F U:~;:::::: 1\ y II T I .. H::: 1\1 HUN 
~;::(()(l) F'H 11\1'1 CHH:$: ( 1.47) \I Fry·E. FUI::i 1\j(JW": EI\IO 

Interest 
On 1 January a woman puts £100 in a bank which gives 6010 interest each 
year (at the end of the year). To what amount will the woman's £100 
grow after 10 years in the bank? 

After one year she will have 

100 + 100 * 6/100 
100 + 100 * 0.06 
100 * 1.06 

which is £106. At the end of two years she will have 

100 * 1.06 + (100 * 1.06) * 0.06 
= 100 * 1.06 * 1.06 
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and you should be able to observe that after 10 years she will have 

100 * 1.06110. 

The total amount at the end of each year forms a geometric sequence 
as shown below. 

100 * 1.06, 100 * 1.0612, 100 * 1.0613, 100 * 1.0614, 
100 * 1.0615, 100 * 1.0616, 100 * 1.0617, 100 * 1.0618, 

100 * 1.0619, 100 * 1.06110 

More generally, if you start with an amount A and receive interest 1070 
per annum then after N years your original amount has grown to the 
following amount. 

A * (1 + I1100)jN 

Daily interest 
If £1000 is deposited in a savings bank paying 6% interest at the end of 
each year then at the end of one year the total will become 

1000 * 1.06 

assuming that no further deposits or withdrawals are made. If, on the 
other hand, the bank paid interest every 6 months (and paid interest on 
the interest ~iven, ie compounded the interest) then the total at the end of 
the year would be 

1000 * (1.03)j2. 

More generally, if the bank paid 6% interest compounded N times a 
year then at the end of one year the £1000 would grow to the following 
amount. 

1000 * (1 + 0.06/N)jN 

The table below illustrates the different amounts depending on how 
often interest is compounded. 

N 6% compounded Total at end of year 
(to nearest penny) 

1 yearly £1060.00 
2 semiannually £1060.90 
4 quarterly £1061.36 
6 bimonthly £1061.52 

12 monthly £1061.68 
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52 
365 

8760 

weekly 
daily 
hourly 

£1061.80 
£1061.83 
£1061.84 

The above table was prepared with the Commodore 64 using the 
following simple program. 

10 REM COMPOUND INTEREST VIA FORMULA 
20 PRINT "ENTER NUMBER OF TIMES INTEREST IS TO BE 
COMPOUNDED" 
30 INPUT "NUMBER";N : IF N< > INT(N) THEN 30 
40 T = 1000 * (1 + 0.06/N)jN : ? INT(T*IOO)/loo 
50 ?,"ANOTHER GO? Y OR N" 
60 GET G$:IF G$< > "Y" AND G$< > "N" THEN 60 
70 IF G$ = "Y" THEN RUN 

You could make some additions and alterations to allow for other 
interest rates. Changes and additions in the next listing are marked by an 
asterisk at the beginning of a line. 

10 REM COMPOUND INTEREST VIA FORMULA 
V ARIABLE INTEREST 
*15 INPUT "INTEREST RATE ";1: IF 1< =0 OR I> = 100 
THEN 15 
20 PRINT "ENTER NUMBER OF TIMES INTEREST IS TO BE 
COMPOUNDED" 
30 INPUT "NUMBER";N: IF N< > INT(N) OR N< 1 THEN 30 
*35 IF N> 20000 THEN PRINT "WARNING * ANSWER MAY 
BE INACCURATE" 
*40 T = 1000 * (1 + I1100/N)fN: ? INT(T*lOO)/100 
50 ?,"ANOTHER GO? Y OR N" 
60 GET G$:IF G$< > "Y" AND G$ < > "N" THEN 60 
70 IF G$ = "Y" THEN RUN 

Line 35 has been included because of inaccuracies that arise as a 
consequence of the large numbers involved. 

Double or quit 
Some people believe that you need never lose when gambling. 

To illustrate this look at the following gambling game: "A fair coin is 
tossed, meanwhile you place your bet. If the coin shows a head then you 
get your money back plus an equivalent amount." 

To show that you need never lose the argument goes as follows. Start 
by betting £1. If you win, quit. If you lose, play again with a stake of £2. 
Each time you lose, double your stake and play again. Stop as soon as 
you win and you will be in pocket. 
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Suppose for example that you lose the first four times and win on the 
fifth. The table below illustrates what happens. 

Stake Loss Win 
First toss £1 £1 
Second toss £2 £2 
Third toss £4 £4 
Fourth toss £8 £8 
Fifth toss £16 £16 

TOTAL £15 £16 
NET GAIN = £1 

The sequence that arises is a geometric sequence. Do you believe the 
argument over why you would never lose? 

Fibonacci sequences 
At the beginning of this chapter we had the following sequence. 

(e) 4, 4, 8, 12, 20, 32, 52, 84, 136, 220 

which is given by the following formula 

4*INT «(0.5 + SQR(5)I2)jN - (0.5 - SQR(5)I2)lN) / SQR(5». 

Rather than use this formula there is a more obvious way of creating 
the sequence. Every term except the first two is the sum of the two 
previous ones. 

4 + 4 = 8 
4 + 8 = 12 
8 + 12 = 20, 

and so on. 
Sequences of numbers created in this way are called Fibonacci 

sequences. It was in 1202 that Leonard of Pisa, nicknamed Fibonacci, 
observed such a sequence of numbers associated with the breeding of 
rabbits. 

Here are two other Fibonacci sequences: 

2,5,7, 12, 19,31,50 
3,5,8, 13,21,34,55 

The next program will produce Fibonacci sequences ad nauseum. 
1~ REM FIBONACCI SEQUENCES 
:~~0 PI::;:]: N'T CHf,:*: ( 14'7) • II F I BCll\lf..'lJCC 1: BEQUEI\ICE:S 
" CI"'IF~:*; ( :I 7 ) 
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·::!;0 F'R I 1\1 T "T 1··1 I H F'HUC:-!F~(..')IVI CHE (~fE:~::; F'l [!UI\I{)CC I 
HE::C!UE:I\ICEb " 

<.f.0 F'F( J 1\11' "fYF'E: J N TWO J: hlrE::(:::JEF:\~::;" HE:F'(.~r«(.~TE: 
D E!y (:, CCWWln" " CI"·IH:;j:: ( :I 7 ) 
::::; 0 J 1\1 PUT " 1\1 U Ivl E,:! E F:( l::) "~ U 'I \) : F' F\ I h/ T 
60 IF U()INT(U) OH V~)II\IT(V) THEN PHINT 
" I I\ITEE'IE: F:;:H F'I....E:f.~bE:": E!U TO :.:.:;0 
70 II\IF'Ul "1···IClW IVI('~I\lY "rE:::F~lvlb DC) YUU W(.·)I\IT ": 1\1 
: F'H :r I\IT 
He! J F 1\1(:1. UH 1\1< .:. I NT (1\1) 11 .. ·IE:1\I lV) 
90 HEM THE HEQUEI\ICE 
1 00 r:' F( I I\IT C I .. WU': ( ::.:;; ) "'I}·I E FIB U 1\1 (.~ C C I ~::; ~::: ell .. J E: N C 
I:::.:" CI"'I!:U, ( :I. ! ) 
:I :I. 0 F(JH J ::::::1. TU 1\1 
120 IF 38-PUH(0)(lEI\I(HTR$(U» fHEN PRINT 
130 PRINT U::IF I<N THEN PHINT CHH$(157) 

II "II 
" , 

140 W=U+V:U-V:V=W 
:I. ~.:.:)(1.) 1\1 E. X T ], 
J. 60 F'f:< 11\1 T : F:'F< I I\IT: F'H 11\1 r CI"'IH:~': ( :I. ::.'.:;'1·) , "(.·)/\IOfHf:::R 

UO:" Y Uf:( 1\1" 
J 7 v.1 E')E:I c·:; :~,;: I f: (:-:J :a,:.:: :> "'y " (.)1\1 D t.~1 :i::::: :':'" /\I" r / .. ·1 E: 1\1 .I. 
7e! 
:I. Hll.I I F r:J:~;;:::::" Y" T '··1 E: 1\1 F(UI\I 
190 F'FI J /\IT CI .. H:\:j,: ( 1 LI·/) "l-:WE FOF< I\lOW" = E.N!) 

Here is an exercise that you may like to do. Use your Commodore 64 
and write a short program. 

"Write down any two integers. Form the Fibonacci sequence by 
adding pairs of terms to form a third term. Find the ratio of each term in 
the sequence with the one immediately before it. What happens to this 
ratio as the number of terms gets large? Work out the value of 0.5 + 
SQR(5)12. " 
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CHAPTER 6 
Number Bases 

We usually rt'':ord numbers using the decimal system of notation. For 
instance 1432, which we call one thousand four hundred and thirty two, 
stands for the more awkward expression 

1 *103 + 4*102 + 3*10 + 2. 

We can rewrite this in a slightly more awkward way: 

1 *103 + 4*102 + 3*101 + 2*10° 

since 101 = 10, and 10° = 1. In other words, the number 1432 is inter­
preted as a sum of multiples of powers of 10. The integers 1, 4, 3, and 2 
are called the digits of the number with 1 being the thousands digit, 4 the 
hundreds digit, 3 the tens digit and 2 the units digit. Technically we refer 
to this representation of the number as its decimal representation and say 
that the number is expressed to the base of 10. The word decimal comes 
from the Latin decem, ten. 

The decimal system has a base of 10. But bases other than 10 can be 
used. Using different bases to interpret numbers is both interesting and 
useful. For example, numbers represented in base 2 have proved to be 
extremely important in computers and computer related activities. 

Any integer greater than 1 can be used as a base, and any number can 
be expressed in any base. Furthermore, it is easy for your Commodore 64 
to convert a number expressed in one base into another base. 

Let N stand for any positive integer, and let B be an integer greater 
than 1. To express the number N to the base B we need to write N in the 
following way: 

N = Xm *Bm + Xm _ I *Bm - I + ... + Xl *B + Xo 

where each of the numbers Xo' XI' ... , Xm are integers between 0 and 
B -- 1. (See what happens if you substitute 10 for B.) The digits Xo' Xl' 
etc, are called the coefficients of the number N to base B. 

Small values of B, the base, give long representations of the numbers. 
But they have the advantage of requiring fewer choices for the coeffi­
cients. The extreme case occurs when B = 2. The resulting system is 
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called the binary number system (from the Latin binarius, two). When a 
number is written in the binary system only the integers 0 and 1 can 
appear as coefficients. For example 

86 = 64 + 16 + 4 + 2 
= 1 *26 + 0*25 + 1 *24 + 0*23 + 1 *22 + 1 *2 + 0 

Thus the number 86 expressed in binary form is 1010110. Binary 
numbers are used by computers because they are represented as strings of 
zeros and ones. The reason is that 0 and 1 can be easily expressed in a 
computer by a switch being either off or on. 

For bases larger than 10 we need some extra symbols. The obvious 
symbols to use are the letters of the alphabet A, B, C, etc. A common 
base that is used is 16. A number expressed in the base 16 is called 
hexa-decimal. The advantage of this base is that it requires few coeffi­
cients to express a number and yet hexa-decimal numbers are easily con­
verted to binary numbers. 

To convert a number from base 10 to base B is quite straightforward. 
Suppose we want to convert the number N from base 10 to base B. First 
subtract all multiples of B from N. 

M = INT(N/B) : R = N - B * M 

Record the remainder and call it Ro. Now repeat the process with M by 
setting N = M. Call the new remainder RI. Continue in this way until the 
value of M reaches o. Suppose that Rs is the last remainder we find, then 
the original number N to base B is 

Rs·· .R2RIRo 

Let's go through a specific example. Suppose we want to convert the 
number 29 to base 3. The calculation proceeds as follows. 

Step 1. 
N = 29 
M = INT(29/3) 

=9 
Ro = 29 - 3*9 

=2 
Step 2. 
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N=M 
=9 

M = INT(9/3) 
= 3 

RI = 9 - 3*3 
=0 
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Step 3. 
N=M 

= 3 
M = INT(3/3) 

= 1 
R2 = 3 - 3*1 

=0 
Step 4. 

N=M 
= 1 

M = INT(1I3) 
=0 

R3 = 1 - 3*0 
= 1 

The process stops after four steps when M reaches O. The value of 29 to 
base 3 is 1002. 

The next program converts integers from one base to another base. 
For example you could convert numbers in base 10 to base 16. For bases 
greater than 10 the letters A, B, C, etc are used to represent the numbers 
10, 11, 12, etc. 

10 REM BASE CONVERTER 
2 (i.) PF( I NT C 1 .. ·1 fH: ( 1.<f7) " " B(.·ibE CClI\IVEI:~TEf~" CH 
F~:*: ( :1.7 ) 
:::::0 PF< I 1\1'1" "rH J ~:; F'HOGf:~('·~"'1 CClNVEF~T'!::) II\ITF.:::GEF(S 

I:::T<CWI 01\11::: B(.·i~:H:: "1"0 (.·~NClrHI::::F(" II CHF<:*: ( 1. '7) 
40 II\IPUT II EN"rEF~ B{·~m::: 'TTl CDNVEJ(T' F'I:~ClIYI": {.): 
F:'f~ I NT CHf~:;~: ( :I. 'I j : 

45 AA~54+A=IF A(11 THEN AA~47+A 
50 IF A(2 OR A)35 OR INT(A)(>A THEN PRIN 
"I' " !::) I l...l... Y ,,,.. fl::<Y f,~(3~·) IN" : E,OTD 40 
6;) (i.) I NPUT II EI\ITEf~ 1\l1..)lvIE4\:::J~ T Cl BE CClN\')E~J\,TED II t 

NS~PRINT CHRS(17)~ 

70 REM CHECK N$ IS OF THE RIGHT FORM 
130 I F:' 1\1:~;:o:""" THEN F'F< I NT' , "1\10 T' (.,) I\ILII"IBEP /I : (3D 
ro 60 
90 l...~l...EN(N'):I~0 

100 I~I+l=N~ASC(MID$(NSijl"l») 
110 IF N(48 OH (N)57 AND N(65) OR N)AA T 
HEN PI:~ I 1\1"1' ,,"I\lOT' (..) 1\IUI'1ElEI::(": UOlD b0 
120 IF I(l... THEN 100 
122 REM STORE N$ IN ARRAY 
1. ~::;~4 D'[ I'll f'~ (L.) 

125 FOR I~l TO l...:N-ASC(MIDS(NS"r,l»: IF 
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N(58 THEN A(I)~N-48 
126 IF N)64 THEN A(I)~N-55 
l. :~:! '7 I\IE X T 
150 REM CONVERT NUMBER FROM BABE A TO BA 
BE 10 
160 N:::::WH ... (N:i\> ) 
170 IF A()l~ THEN N~~:FOR I~l TO L:N~A(I 
) +N'IiI'~": NEXT 
18~ f:'F~ I NT" DEC I M'~L... FOf~lvl OF Nl..JMEIEI~" N CHF~ 
:*:(17) 
:I. 9(7.) I NF'UT "EN"rE:F~ B(~BErCl CCJl\IVEF~T 'ro" = B: P 
I~:t I\IT' CHI::~$: ( :1. 7) = 
2~(7.) IF B(2 OR B)35 OR INT(B)()B THEN PRI 
NT "GIU .. Y •.. "rRY f~l'3AIN":(3CrTO :1.90 
210 REM CONVERT N TO BASE 8 
220 N$"''''' 
230 M~INT(N/B):R~N-B*M:N~M 
240 IF R(10 THEN N$=CHRS(48+R)+NS 
250 IF R)9 THEN N'~CHR$(55+R)+N$ 
260 IF N<)(7.) THEN 23(7.) 
Z7(7.) PF:~ I 1\1"1" "I\IUI"IBEJ~ "1"0 BAGI::':" B "I G " N:~;; CH 
F~:*: ( 1 "/) 
2B0 PR I NT' , "{·~Nc)"rHER (30',? y Of~ N" 
290 C;)ET (3:*:: IF' G:*:< >" Y" '·~I\1l) (3:r.( > II N II THEI\I :;~! 

9~ 

30(7.) IF G:f.·", " Y II 'fl .. ·IEN F:~l..JN 

:~, 1 (7.) F'Fn NT CHR:$: (1.4'7> "BYE I:::'()f~ NOW": END 

64 numbers 
A number between 0 and 255 can be represented as a binary number 
using at most 8 coefficients. For example 

255 = 1 *27 + 1 *26 + 1 *25 + 1 *24 + 1 *23 + 1 *22 + 1 *2 + 1 
128 = 1 *27 + 0*26 + 0*25 + 0*24 + 0*23 + 1 *22 + 0*2 + 0 

These 8 coefficients, or 8 bits on a computer is called a byte. The 
Commodore 64 stores integers using two bytes called the high and low 
bytes. The high byte represents multiples of 256. For example the 
number 999 would be stored with high byte 3 and low byte 231 since 999 
= 3*256 + 231. Storing numbers using bytes is the same as storing 
numbers to the base of 256. 
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You can see how the 64 stores the high and low byte of an integer by 
PEEKing. Recall that Integer variables on the Commodore 64 are 
specified by the percent (070) sign after a variable name. Type the 
following, pressing return at the end of each line. 

NEW: CLR 
XOJo = 999 (type any integer here) 
PRINT "HIGH BYTE =" PEEK(2053), "LOW BYTE = " 
PEEK(2054) 

The largest integer that the Commodore 64 can store is .32767 which 
equals 127*256 + 255. Numbers with a high byte of 128 or larger are 
negative numbers. Indeed negative numbers are stored by first looking at 
the ABSolute value of the number, calculating the high and low order 
bytes and then subtracting the value of the high byte from 255 and the 
low byte from 256. Thus, for example, - 1 would have a high byte of 255 
and a low byte of 255. 

The following shows you how to calculate a number from the high and 
low order byte. Let H be the high order byte and L the low order byte. 

NUMBER = H*256 + L 
IF H> = 128 THEN NUMBER = - ( (255 - H)*256 + 
(256-L)) 

The last line is equivalent to the following line. 

IF H > = 128 THEN NUMBER = H*256 + L - 256*256 

Try POKEing numbers into locations 2053 and 2054, then get the 64 to 
PRINT XOJo and compare the answers. For example try typing the 
following, pressing return at the end of each line. 

NEW: CLR : XOJo = 0 
POKE 2053,98 : POKE 2054,99 (replace 98 and 99) 
N = PEEK(2053)*256 + PEEK(2054) 
IF PEEK(2053) > = 128 THEN N = N - 256*256 
PRINT XOJo,N 

Small numbers 
The program in the section before the last one works on positive whole 
numbers. Any number, integral or non-integral, has a representation in 
any base. For example the decimal number 0.25 expressed in binary takes 
the form 0.01, while the decimal number 0.125 is 0.001 in binary. To see 
this first let's see what we mean by the decimal number 0.25. This 
number represents two-tenths and five-hundredths, that is 

0.25 = 2/10 + 5/100 
= 2*10- 1 + 5*10- 2• 
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To express it to the base B means writing it in the form 

YI*B-I + Y/B-2 + '" 

where as usual B-1 = liB, B-2 = 1/B2, etc. 

The decimal numbers 0.25 and 0.125 may be written in the following 
way: 

0.25 = 1/4 
= 0*2- 1 + 1*2- 2 

0.125 = 1/8 
= 0*2- 1 + 0*2- 2 + 1 *2- 3 

which explains the binary form of these numbers. 
As another example look at the number 0.6 expressed in terms of 

negative) powers of 2. 

0.6 = 1*2- 1 + 0*2- 2 + 0*2- 3 + 1 *2-4 
+ 1*2-5 + 0*2- 6 + 0*2- 7 + 1*2- 8 

+ 1*2- 9 + 0*2- 10 + 0*2- 11 + 1*2- 12 
+ 1 *2 - I3 + 0*2 - 14 + 0*2 -15 + 1 *2 -16 
+ ... 

In fact we need infinitely many terms to express 0.6 accurately in binary 
form which takes the form 

0.10011001100110011001100110011001 ... 

The Commodore 64 only stores 32 of these digits starting with the first 
non-zero one, in addition it rounds up if the thirty-third significant digit 
is non-zero. Thus the 64 stores 0.6 as 

0.10011001100110011001100110011010 

in binary form. 
The next program displays the binary form, as stored by the 

Commodore 64, of a decimal number between 0 and 1. 

l~ REM DECIMAL TO BINARY 
20 pnII\IT CHF(:$:(11.1·7) ,,"DE:CII"I('·~L .. "I"U EjII\I{~I:~y'l C 
HF(:*: ( 17) 
::::;(7.) F'F~ 1 1\1 r "'1"1' .. 1 I b 1:::'Hc)ElI~a·~lvl F'n I I\Ir~::lrHI:::: EllI\IM:(Y 

F'ClFWI OF ("~I\IUMBEF": "; 
4(7.) PH I 1\1''1" "DI::::rWI::::EI\1 0 f:~I\1D .t,," CHI::;;:*: ( 1 7) 
:'50 1\1'''''(7.): 1 NPUT "TYPI:::: 1 N YCJl.JF:~ NUIy\BI:::J~ ": N n F'I:~ 
II\I"T 
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60 IF' N< :::::0 Clf:~ N >::r.lfHEI\I F'F~ I 1\1''1'' "BE'rWE:E:I\I 0 
(.',~ND :1, !!" ~ GC),TO ~:jl?l 

)' 0 1\1 :~;: ::::: " (2). " 
1:1 Ii.) F em I "'" :1, ''I'' () ::~; ~:! 

9(2) N~N*2:I\IS""'N'+MIDS(STR'(II\IT(N» .2.1):N"'" 
N'"'' I I\I'T (1\1) 
:I. (2)(1.) I\IE X T I 
1 :I. (2) F'f, II\IT' II T'HE B I 1\I',~nv FClI::~I"'1 OF' VClUI::~ I\lUI"IBE 
F, IS:):" CHr';::$: ( :I. '1 ) 
120 PRINT NS CHRS(17) 
:1.,:::;(2) PR J: 1\1"1" • "ANc)'rl·iEI:~ GD',? v m\ 1\1" 
:I. 40 (3E'T (3:$: = :r F G:;j;:<.>" V" ',~ND G:~.< >" N" rHI::::I\I :I. 
40 
1 ~::;0 I F' G:~;::::::" y'" THEN PF, I 1\1 r: Gcrro ~:;(2) 

:I. 60 PF~ I NT CHF~:f. ( 14,7) "BVE I:::cm NOW": I::::ND 

Floating points 
Integers in the Commodore 64 are stored using 2 bytes. But numbers are 
stored using 5 bytes, even if the number itself is an integer. Unless you 
declare your number to be an integer by using the percent sign it will be 
stored as a real number using 5 bytes. A number can be expressed in 
binary form in the following way: 

I.XIX 2X 3 ••• Xm * 2N 

where XI' X 2, ••• , Xm are either 0 or 1, and N is an integer (positive, 
negative or zero). The integer N is called the binary exponent of the 
number, the other part is called the binary mantissa. For instance 
decimal 10 is binary 1010 which may be rewritten as 

1.01 * 23 

so that 10 has binary exponent 3 and binary mantissa 1.01. As another 
example look at decimal 0.375 which is binary 0.011 and so may be 
written as 

'1.1 * 2- 2 

and so decimal 0.375 has binary exponent - 2 and binary mantissa 1.1 
We have said that the 64 uses 5 bytes to store its numbers. The first 

byte is the binary exponent plus 129. The remaining four bytes give the 
binary mantissa and the sign of the number. Since the first term in the 
binary mantissa is always 1 we do not need to store it 
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we simply store all the digits to the right of the decimal place in the 
binary mantissa. The first bit of byte 2 stores the sign of the number, the 
remaining 31 bits in the last four bytes store the binary mantissa 
(ignoring the leading 1). 

For example, decimal 10 would be stored as follows: The first byte is 
129 plus the binary exponent 3, which totals 132. The first bit of the 
second byte would be 0 since the number is positive. The remaining 31 
bits would be 

010000000000000000000000000000 

since the binary mantissa of 10 is 1.01 and we ignore the leading 1. Thus 
the 32 bits for the last four bytes would be 

0010000000000000000000000000000 

which, when broken into four groups of 8, give 

00100000 00000000 00000000 00000000 

which in turn are 32, 0, 0, O. Thus the 5 bytes used to store the 
decimal 10 would be 132, 32, 0, 0, O. 

We can reverse the process and find the number that the 64 is holding 
in 5 bytes. Suppose that a number N is stored with the five bytes P, Q, R, 
S, T. The following program lines calculate N from P, Q, R, Sand T. 

X = 1 : IF Q > = 128 THEN Q = Q-128 : X = -1 
N = X * 2P~129 * (1 + Q*2~7 + R*2~15 + S*2~23 + T*2~31) 

To actually see the 64 in action type the following lines, pressing return 
at the end of each line. 

NEW: CLR 
X = 10 (type whatever number you like here) 
FOR 1=0 TO 4 : PRINT "BYTE" 1+1 "=" PEEK(2053 + I) : 
NEXT I 

In fact if you do this then you'll find that the Commodore 64 has some 
minor errors in the way it performs multiplication. The number 1 + 2~24 
is stored (correctly) with the following 5 bytes 

129, 0, 0, 0, 128 

However, the same number written as 1 *(1 + 2~24) is stored with the 
following 5 bytes 

129,0,0,0,64 
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In other words, according to the Commodore 64 

I * (l + 2i - 24) = I + 2i - 25 

Chapter 6 Number Bases 

Another way of displaying the same problem is as follows: 

X = I + 2i -24 
PRINT X - X, X - I *X 

Alternatively, try the following 

X = I + 2i-24 
Xl = I *X 
X2 = I*Xl 
X3 = I*X2 
X4 = I*X3 
PRINT X,XI,X2,X3,X4 

Problems of this nature appear not to occur if the middle 3 bytes of the 
5 bytes used to store the number are not all O. See what examples you can 
find. 
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CHAPTER 7 

Days and Weeks 

Days 
Zeller's congruence is a complicated looking formula that calculates the 
day of the week (Sunday, Monday, etc) for any given date. Using this 
formula you could, for example, find out on which day of the week a 
person was born. And, if your memory is bad, you could find out on 
what day of the week a certain anniversary occurred. 

The following is Zeller's formula: 

A INT(2.6*M - 0.1) + D + Y + INT(Y 14) + INT(C/4) 
-2*C 

X A - 7*INT(A/7) 

The number X is a number between 0 and 6, because all multiples of 7 
smaller than A have been subtracted from A. These numbers represent 
the 7 days of the week as follows: 

o : Sunday, 
1 : Monday, 
2 : Tuesday, 
3 : Wednesday, 
4 : Thursday, 
5 : Friday, 
6 : Saturday. 

The numbers D, M, Y and C are defined as follows: 

D : the day of the month. 
M : the number of the month - but not the standard number. 
January and February are numbers 11 and 12 of the preceding year 
(affecting Y and possibly C described below). March is number 1, 
April is 2, May is 3, ... , and December is number 10. 
Y : the year in the century. 
C : the number of hundreds in the year, in other words, the first two 
digits in the year number. 

For instance, if the date is 26th August 1983 then the standard way of 
expressing this is 26/08/1983. For Zeller's formula we use D = 26, 
M = 6, Y = 83 and C = 19. 
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Substituting these values into Zeller's formula gives: 

A = INT(2.6*6 - 0.1) + 26 + 83 + INT(83/4) + INT(19/4) 
- 2*19 

= INT(15.6 - 0.1) + 26 + 83 + INT(20.75) + INT(4.75) - 38 
15 + 26 + 83 + 20 + 4 - 38 

and 

= 110 

Y = 110 - 7*INT(l10/7) 
= 110 - 7*INT(l5.714285) 
= 110 - 105 
= 5. 

Thus we conclude that the day of the week of 26th August 1983 is Friday. 
Here are some examples showing the standard date format and the 

values that Zeller's formula uses. 

ST ANDARD NOT A TION ZELLER'S FORMULA NOT A nON 
D M C Y 

03/03/1947 3 19 47 
0110112000 1 11 19 99 
26/02/1983 26 12 19 82 
29/1111984 29 9 19 84 

The next program uses Zeller's formula to calculate the day of the week 
for any specified date. Your Commodore 64 will automatically calculate 
the correct values of D, M, C and Y required from any date you input. 
Observe that the program makes a few checks to ensure that the date 
entered makes sense. Thus, for instance, 30th February 1983 will not be 
accepted. In addition the year entered must be an integer in the range 1752 
to 4902. Zeller's formula applies in the range 1582 to 4902, but the 
Gregorian calendar has been used in Britain, the British Colonies and the 
USA only since 1752. 

Leap years are automatically taken care of in the program. Note that a 
year is a leap year if the year number is exactly divisible by 4, unless it is 
divisible by 100 but not divisible by 400. Thus 1900 was not a leap year but 
2000 will be a leap year. 

1~ REM D~Y OF WEEK 
:,;::v.) D I Ivl (..j ( :I. :,?) ,,(.j:~;: ( :I. :::::) ~ FUH :I: ::::;:1 TU :I. :,;::: HE,(.)!) (.~ 

( J ) 'I ('1 :~;: ( I ) : 1\1 E: X I I 
::;(1) FUF 1 :::::12)'1 U b: F(l::::nD E{';~: ( 1 ) n I\IE:, XI I 
4(l) F'R II\IT [I"IH+- ( :I I.I,}) " II D(',~ y Dr WI::::I;:::h." CIIF:< 
:~;: ( ,I, ! ) 
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:,:,:;Q) F:'F:< I hiT "fH I b PI::(OHF:U:~I"I C~,~l...CUI..Jrrl::::B THE D(') 
Y ClFTI'''IE,'' 
c:)Q) F' F:< I I"T' " WE: E: 1< F' on {il\1 Y Dt.lJr E !3F' E C I F' I E: D. " 
CHr(*: ( 1 '!) 
7Q) F'r< I I\IT' "TYF'E :r NT'HE O(.·irE =" CHf~:*: ( :1,7) 
!::lQ) t:~ (:,;;:) "'"29: D'"'Q): I NFt.J"! "Dt,W, 1 TU :::!,:[ : "; D 
: PH I 1"'1" 
9Q) IF O{l OH 0>31 UR O~>INT(O) THEN F'RIN 
T • "TI:~Y ~,~E1f.~ I N" : UUTU BQ) 
J Q)Q) I"I""Q): I 1\IPur "lvIUNTH. 1TU :I. :,;:: : ": Ivl: PH I N 
"! 
11Q) IF M~:I. UR M>12 UR M<>INT(M) THEN PHI 
I\IT. "'rF:<Y (,,~G('i 11\1" : (30'1"0 1 Q)(2) 
:I.:?Q) IF D >('.lJ (1"'1) I I-'IE::: 1\1 PF:n: 1\1"1" "NUl' E:NUUGH i)1'W 
!:;) IN 1"101\I'1"H. 'fF<Y ('~G('~ 1: 1\1" : C')UT'C) 1:3(2) 
I. ::::;Q) Y:::::(2.): Il\lPUr "YEI:m" IN I:::UL,I.... : "~Y: f:;'f:( I NT' 
14Q) IF YO::: 1.~5E3:;:~ OR Y>4<;t(2):;';~ "1'1 .. ·1[1\1 PI::;:IN'T, "1\lOT 
IN F:(i,)I\IF:)[" = GO l'u 1 :;;;Q) 
1 ~jQ) :n::' Y <: > I N"I' (Y) "I"Hr:::I\1 PI::;: :[1\1"1' • "NUT (.:!I Y[;:(")H. 

rf:<Y (.lJG{):r N" : GOrD :I. ::::;Q) 
16(2) RE:M CHECK FUR LEAP YEAR 
17Q) l...=0: IF INT(Y/4)*4=Y THEN l...=-i 
18Q) IF LAND INT(Y/:lQ)Q)*lQ)Q)=Y "!H[N L~Q): I 
F INT(Y/4Q)Q)*4Q)(2.)-Y THE:N L--l 
:I <:;>Q) (.1 (2) :::::::::n .. "'l...: :r F l... 'T'HEN PI;~ I NT "TH 1 f:;) 1!:3 (...\ 

l. .. Et·)P YEf·)I:~" CHF<:*: ( :I. 7 ) 
~':~Q)Q) n:: Ivl::::::~~ {)ND D >(.., en 'rHEN F'Fn 1\1 I ":::;~8 D(')y 

:;:~:I. (2.) PI:~ I NT D: A:*: (i"I) = Y = " 1 !:) 1 W(',)!::) f'~ ": 
22Q) REM CHANGE: FORMAl' OF INPUT DETAILB 
::;:~:::!;0 1"I"oM .. ·"::::: IF 1'1< :l.fHE:1\I l"I::::i"I+:I. :~:: y:::::y .. ".:1. 
240 C=lNT(Y/10(i.'1)~Y=Y-C*1Q)Q) 

25Q) REM ZELLER'S CONGRUENCE 
26Q) DAY=INT(2.6*M-(i.'1. :I.)+D+Y+INT(C/4)+INT( 
Y 1 i.j. ) .. -:;;:: 'Ii' C 
:;'::70 D('·~Y'.'''Df~~Y'''''7oM'INT (D~)Y/7) ~ F'f:<IN'r B:i~: (D('·)Y) +." 
D~.w II CHf,:*: ( 1"1 ) 
:;;':~ l~j Q) F' F:< I N "j" 'I II (.,~ N Dr H E:F:( EHY''''' Y em 1\1" 
:~:~90 GEl C):$ ~ IF' (3:*:<:> II Y" (\NO (3:*:<:> "1\1" '1"1",11:::1\1 2 
90 
,~!;m1l IF (;)::1::::::" y II THEN PF( 1 Nf: l'0D"I"O 7Q) 
:::!: j, Q) PFU N"I' C 1",1 F<:*: (14'7> II E!YF:: F'OR NOW": EI\ID 
4 Q) Q) f( E Ivl D ,·~·u·~ 
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410 DATA 31.JANUARY.29,FEBRUARY,31.MARCH 
, :::qi:') " ~~PH I L.. 
420 DATA 31.MAY,30.JUNE.31.JULY.31.AUGUS 
I 
430 DATA 30.SEPTEMBER.31.0CTOBER.30.NOVE 
JvIF.~ E:F\ • ::::; t • D I::: C E: IVI B E:F~ 
440 DATA SUN.MON.TUES.WEDNES.THUHS,FRI.S 
("~Tl..JI:~ 

Note: You may have come across Zeller's formula before and possibly 
noticed that the formula used here is slightly different. Often the first term 
INT(2.6*M - 0.1) is written as INT(2.6*M - 0.2) instead. This latter 
form is not used here because of the way the Commodore calculates the 
INTegral part of numbers. Try M = 7, then 

INT(2.6*7 - 0.2) = INT(l8.2 - 0.2) 
= INT(18) 
= 18 

However, the Commodore 64 returns the value of INT(2.6*7 - 0.2) as 17, 
even though if you ask it to print 2.6*7 - 0.2 it prints 18 correctly. 

Calendar 
Once we know the day of the week of any date we can produce a calendar. 
The next program prints a calendar for any month in any year. (Only one 
month can be displayed reasonably on the screen.) The program calculates 
the day on which the first day of that month occurs by using Zeller's 
formula. The remaining days are then printed out. As in the Day of the 
Week program, leap years are automatically taken care of. 

1.0 HElvl C(.:1L"E.I\lDf·jl:~ 

,;:: 0 0 I Ivl f·~ ( I. 2) "f·~$: ( :1.:2) ~ F U HI:"" :I. r U .l:2 : R E {W (..) 
( I ) • (..~:*: ( 1 ) = NE. X'I ]. 
30 REM THE STARl 
1.1·0 F'f< 11\1''1' CHH:~i; ': :1.1.1-7) 'I " 

( :I. 7 ) 
C('.il..,,[I\ID(..~r~ II CHF~:~:: 

~:j0 F'R I NT II T'H I ~~; F'f;(UClR('·~lvl F'F:( I Nr~::; {i C(.·ll....EI\ID(.·~H 

F DF, ('~I\I Y " 
b(?) F'F:~ 11\11' 1'lv1ClNfH UF ('·~NY YE:.(:·~R bF'EC I F I ED. II 

CHf\:*i: ( 17 ;. 
7 (?) F' F( I 1\1 r I'Ty' F' E: 11\1 r HE I"IUN! H {~I\I D Y E('~)F\ r. II 

CHI-,:*: ( :I. 7 ) 
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Fl(1.) IV I:::::(1.): II\IF'UT II IvlOI\lTH 'I :I. IU .I. :;::: II :: Ivl ~ F'f< 11\IT 
90 I F Ivl<.:1 CJ P Ivl.> :1.:,::: un Ivl::.> I. N T (Ivl) '11",11:::: 1\1 F:·' f:d 1\1 
r " " TH Y (..~U(..l 11\1" : (:.:lUlU H0 
l00 Y:::::0:: II\lPUT II Y[:(.:II;;~" J 1\1 F:: U 1.. .. I... " : Y = PH 11\1'1' 
lJ0 IF Y:.J7:.'.'i:2 UH Y,:490~,:: fHE:1\I F'RII\II' " "hIUT 
11\1 rU·\I\IGE: II :: [:)UIU :I. 00 
:1.:20 IF Y'>INT(Y) 11 .. ·11::::1\1 F'I::(lNT,I"r,IUI () YE:,(.·~r;~" 

TF('{ (.:\c:,)(..~ I r,I'1 : C':;UT U :I. ((.)(1.) 

130 REM CHECk FUH LEAP YEAn 
140 1...=0: I.F 11\1'1' (V/4)*4=Y THEN L=-1 
I. :','.:,;(1.) IF L, ("~I\ID [I\IT (Y / .I. 01.2') .j!:I. (/)(7.1::::: Y T I .. ·IE 1\1 1...,:::::1/.): J: 
F 1.1\1'1' (Y / 4(2)(2) '~.fl.00:::::Y THE:I\I l...::'::"''':I. 
.I. bW (.~ (:;,::) :::::2(::l'''·I.,,,: J: F 1.... fl· 'IE i\1 F'F( J 1\11' 1'1"1",1 I b I ~::; f·~ 

i.."E.(:'II:::' YE.(,:)R II CI"'ln:~:: ( :1.7 ) 
:1.7(2) A$=A$(M)+STH$(Y)~MM=A(M) 
2(2)(1.) REM CHANGE FunMAT UF INPUl DETAILS 
2:1.(1.) M-M-2:IF M:.l lHEI\I M-M+12~Y-Y-l 
220 C-II\ITCY/10(2):Y-Y-C*1(1.)(1.) 
230 REM ZELLER S COI\IURUENCE 
24(2) DAY-INTC2"6*M-(2),, 1)+1+Y+I.Nf(C/4)+1NT( 
y ,I 4) "''':;:::'Ii'C 
25(1.) DAY-DAY-!*INrIDAY/l) 
260 REM PRINT CALENDAR 
270 PRINT CHR$(l4/):PRINT:PUKE 532Hl,,/ 
28(2) PRINT TA8 (2(1.)-LEN (A$) 12) CHR$(31) AS 

290 F'I::( I I\Ir CI"'II::(~:: (:?H) II HI.JI\1 l"IUI\II'l .. JI:;: WI:::, 
D THU I:::F( I b('·~l " CI"'IH::~: (::::,:i. ) 
3(1.)(1.) FOR 1=1 TO MM 
,.::;:1.0 D('·)Y::"D('·~Y+'l 

.::; :;:' (2) I·;;' f:( I 1\1 rf (..~ r.! ( on Y 'H' ~.;;J ''''',:;: ,+, ( 1 ::. 9» .I. r. 

330 IF DAY>6 lHEN DAY-0~PRIl\lr~PHINl 
:::!:40 I\IE X T J 
350 PRINT:PHINT~PHIl\Il 
:'::6(1.) F'f\ I 1\ll H CHH:$: ( ~:,:i) II (.)I\IUrl"IEH EHT:·' Y UF\ 1\1" 
CI"m:*: (::::,1, ) 
:::!; 7 (1.) (;:)1:::''1' C) :$:: I F' (0) :*: <. > II Y II (..~I\Il.) C7)::I;: <. .> II 1\1// r H E:N :,;:; 
lQJ 
::!:Eil(21 IF t::):$:'::: II y /I TI"'IEI\I F'H 1 NT r. CHJT'O 70 
:::!:90 F'I:~ I N'r CHf~:*: ( :1.47) II ElYE::: FUF:\ I\IUW /1 = EN D 
4(2)(1.) F~Elvl Df'~ r(.,~ 

410 DArn 31,JANUnRY,29.FEBHUARY,31,MnRCH 
" ::~;0 II ("H:'H I l... 
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1.1, :20 D (.,~ f (,~.:~;:I. 'I 1"1 () Y ,,:::,0 'I .J L.I 1\1 I:::. ,,::!; I '! .J U I, Y ,'!,:I , (..~ U C) U U 
I 
430 DAfA 30.SEP1EM8ER.3i.UCT08ER,,30.NUVb 
M8ER.31.DECEMBEh 

Date management 
Occasionally there is a need to provide a listing of dates that are a specified 
number of days apart. For instance, treatment days at a hospital, and pay 
days. 

To produce such a listing we use the 'pseudo-Julian' date. This date is 
simply the number of days since some fixed date. (In fact the First of 
January of the year 1 has a pseudo-Julian date of 1). A relatively simple 
formula converts the real date to the pseudo-Julian date and vice-versa. 

If the date is DIMlY where D is the day, M the month number and Y the 
year (including the century) then the pseudo-Julian date is calculated as 
follows: 

x = INT(30.57*M) + INT(365.25*Y - 395.25) + D 
IF M > 2 and Y is a leap year then subtract 1 from X. 
If M > 2 and Y is not a leap year then subtract 2 from X. 

For example, let's calculate the pseudo-Julian date of 26th August 1983. 
The values of D, M and Yare given by D = 26, M = 8, Y = 1983. 
Substituting these values into the formula gives the following: 

x = INT(30.57*8) + INT(365.25*1983 - 395.25) + 26 
= INT(244.56) + INT(723895.5) + 26 
= 244 + 723895 + 26 
= 724165 

However, since the month number M is greater than 2 and 1983 is not a leap 
year we subtract 2 from X to give a pseudo-Julian date of 724163. 

To calculate the date from the pseudo-Julian date proceed as follows, 
where X is the pseudo-Julian date. 
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Thefirst approximation to the year is given by: 
Y = INT(X/365.26) + 1 

the day within the year is given by: 
D = X - INT(365.25*Y - 395.25) 

A leap year adjustment is made: 
Dl = 2, if it is a leap year then Dl = 
If D > 91 - Dl then add D 1 to D 
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Calculate the month and day: 
M = INT(D/30.57) 
D = D - INT(30.57*M) 

Adjust month and year if necessary: 
If M > 12 then set M to 1 and add 1 to Y. 

For example, let's calculate the date corresponding to a pseudo-Julian 
date of 724164 (this is 1 higher than the pseudo-Julian date that we cal­
culated earlier on). The calculations are as follows: 

Y = INT(724164/365.26) + 1 
= INT(l982.5987) + 1 
= 1983 

D = 724164 - INT(365.25*1983 - 395.25) 
= 724164 - INT(724290.75 - 395.25) 
= 724164 - INT(723895.5) 
= 269 

The year 1983 is not a leap year so that D 1 is 2. The value of D is greater 
than 91 - Dl and so we add Dl to D. Thus the value of D is now given by 

D = 271 

M = INT(271130.57) 
= INT(8.86490023) 
=8 

D = 271 - INT(30.57*8) 
= 271 - INT(244.56) 
= 271 - 244 
= 27 

The value of M is not greater than 12 and so we are finished, with values 
of D = 27, M = 8 and Y = 1983. Thus the date corresponding to the 
pseudo-Julian date of 724164 is 27th August 1983. 

The next program performs all the above sort of calculations quickly 
and provides a listing of dates that are a specified number of days apart. 
For convenience the program only works for dates in the 20th century. You 
should be able to make any changes necessary for another century quite 
easily. 

Warning. Dates are entered in the form DD/MM/YY, for example 12th 
March 1984 would be entered as 12103/84 or 12/ 3/84 but not as 1213/84. 
Not too many checks have been made for the date entered, and you could, 
for instance, enter 30/02183. The program would think of this date as 2nd 
March 1983 (can you see why?). 
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10 REM DATE MANAGEMENT 
20 POKE 53281.7=PRINT CHR$(147) .CHR'(28) 

Df1TE IVI('·'I\I('·'GEMEN"r II CHF~:$: ( :1.7) " 
::::;0 PI::;: I NT CHI::;::*: (::::;:1.) II "rH I S PF~DGR('·)I·I PF(c)V:I. DEl:) 

THE I.. .. :r ErT I NF:) OF" 
i.~0 PF:~:r NT "D('·~ TEST'H('YT {·~I::~E (..~ ~:)PEC I F I ED NUM 
BER OF" 
~:'i(2) PF< I NT' "J)f.-Wt:) {·~F'{~n T',," CI"'IF~:*: ( 17) 
60 REM ENTER STAnT DATE 
7(2) F'I:~:rN'r II'TVI:::'E IN D(.·~rE {~S DD/lvII"I/YV" Ii:::" C::i. 

:I. ~5!(2)~U84 " 
B(2) !i:;~n:""''''': I 1\IPl.)"!" "li:::NTEI::( ST'('·~Rr Df:~TE::: ":i ~::l~*::: F' 
I:~ I 1\1 T 
90 IF' LEI\I (El:if;;) <. >HTI"'IEN F'F~.I: NT , " I NfHE FOF,I"I 

DD I I"! I"! ! '1Y" : GClT'D 1::1(2) 
:I. 00 IF M I D~$: (B~t:: • :::!; 'I :I. ) <: >-" I" UF~ 1'1 I D:$: ( !~l:~> • 6 " :I. ) 
<>"!" 'THEI\I PFUI\lT."UF:lE DD/I'1lvI/YY":GOlCl t::HZ) 
110 D=VAL(MID.(S$.1.2»:M~VAL(M.l:D.(S •• 4. 
2»:Y=VAL(MIO$(B$.7.2»+:1.900 
120 IF D<:~0 on 0)31 DR M<~0 DR M>12 THEN 

PF, I 1\1'1". "D(',w. l"IClNTH Ef:mOR" = c;crro 130 
130 REM DATE FORM IB NDW IN REASDNABLY C 
ORnECT FOF,I"I 
140 REM CALCULATE T'HE PSEUDO-JULIAN DAY 
150 X~INT(30.57*M)+INT(365.25*Y-395.25)+ 
D 
160 REM ADJUST FOR LEAP YEAR 
170 IF M)2 THEN X=X-2:IF INT(Y/4)*4~Y TH 
EN X''''X+:L 
:l.B(2) REM ENTER INTERVAL OF DAYS 
19(2) PFU I\lT "E::NTI::'J( I NTERv("~L. 11\1 [)("W!3 BE~T'WEI:, 

1\1 D("~'T'E!:). II 
:;;:~(2)(2) P'=0: r I\IPU r ":r NT'EF~W~L. : "~P: PF( I NT 
:,;:~1(2J IF P<::::0 CH~ INT (F') <: >p 'rl"H::N PI::~IN'r. "'Typ 
E: ~~ 1\1l..J Ivl BE::: R " : G Cl r () :.;:~ (2) (2) 
:,;:~20 PF~:r 1\1'1" IINl..WmER OF 'r 11"1E:~::; IN"rr.~J~Vf..~L., F:~E[aU 

:r F(ED. " 
23(2) N~(2)::r I\IPI.Jr "I\IUIVIEIEF< : "~I\I: F:'F:( I 1\1'1" 
240 IF II\IT (1\1) <: >N THEN F'F~ r 1\1"1" • "~i WHOLE NUI'1 
BEf~" : GD'TD :;':::;~(2) 

:~:~~50 :r F 1\1< .r.:(l) DF~ N >:L (2)Ql THEI\I PI:~ I NT' • "BE I::\E(,,~E; 

DNABL..E::" : GCHO 2:::::0 
260 PRINT CHR$(28) : REM COLOUR FDR PRIN 
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'r 1l\lU D('·~ fE:'s 
:2 /1/.) F'cm 1 "'''Vol TO 1\1 
280 Y~INT(X/365.26)+1: REM YEAR 
290 D~X-INT(365.25*Y-395.25) 

300 REM LEAP YEAR ADJUSTMENT 
310 Dl=2~IF INT(Y/4)*4=Y THEN 01=1 
320 IF 0)91-01 THEN 0=0+01 
330 M=INTCD/30.57): REM MONTH 
340 D=0-INT(30.57*M) n REM DAY 
350 IF M>12 rHEN M=1:Y=Y+1 
.::;,60 '(' lOn 'y 'W. :I. 9 VJll! 
370 REM OUTPUT TO DISPLAY 
:::!:HI2l 1 ::::D r. E10S:;UB ~.:.;;00: l):*:::::: 1 :*:+ II I " 
.:~,91i.'l Z::'J:I"I: GU!:3UB ~::;00: 0:*:::"1):*,+ l :~::'I" "/ " 

400 Z-Y:GOSU8 500:D'=I)~+I$ 
410 F'H I 1\1'1' D:~i:" ~ 
421/.) X-X+P: REM INTERVAL ADDED 
4 .::!: 0 1\ll~:: X ''1' 
4'-1·0 PH I 1'1 r: F'R I 1\1'1" r. F'F( I N r • CHn:$: (~5) II {~I\ICl rl"'IEf~ 
[;;()'? Y UF( 1\1" CHI::'::*: (:::!,:I. ) = 
.(.1.::50 (y',E:;: 1" 13:*:: :0:: CH;:<:;:''' Y II ~,~ND t:H:<:>" N" TT'IE:N 4 

,Q,60 .I: F G:~::::::: II Y II fHEI\1 F'f~ I NT: F~UN 
470 rn I N"r CHF(:*: ( 147) II BYE 1:::'nF~ NClW II r. E:ND 
500 REM FORMAT SUBROUTINE 
510 I$-MID.(STRI(Z) ,,2):IF LEN(ZS)<2 THEN 

Z :~;:::." 0" + Z :*: 
~:j ~~:~ Q) I::, E T'U F:~ 1\1 

F\[('·~DY • 

83 





CHAPTER 8 

Greatest Common Divisor 

If A and B are integers (whole numbers) then a common divisor (or 
common factor) of A and B is an integer which divides both numbers. 
And, the greatest common divisor (or highest common factor) of A and 
B is the largest such integer. 

For instance, 3 is a common divisor of 12 and 18. But 6 is the greatest 
common divisor of 12 and 18. 

Calculating the greatest common divisor of two numbers is not 
particularly complicated. Especially for a computer. The method 
employed serves as a good illustration of a computational algorithm. 

The Euclidean algorithm is the most well-known and oldest (third 
century B.C.) method of computing the greatest common divisor. If you 
want to find the greatest common divisor of A and B then the procedure 
is as follows. 

1. Rename A and B (if necessary) so that A is greater than B. 
2. Divide A by B and find the remainder R I. 

RI = A - B * INT(A/B) 

Notice that every number that divides A and B also divides R I. And, 
conversely, every common divisor of Band RI is also a divisor of A. It 
follows that the common divisors of A and B are the same as those of B 
and RI. Thus the greatest common divisor of A and B equals the greatest 
common divisor of Band RI. 

3. Now divide B by RI and find the remainder R2. 

R2 = B - RI * INT(B/R I ) 

The remarks made above between the numbers B, RI also apply to Rp 
R2. Thus the greatest common divisor of A and B equals the greatest 
common divisor of RI and Rr 

4. Next, divide R2 by RI to get a remainder Rr 

R3 = RI - R2 * INT(R/RJ 

The process is continued in this manner until the remainder is zero. 
Notice that the remainders are decreasing on each occasion and so 
reaches zero after a certain number of steps. 
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RI = A - B * INT(A/B) 
R2 = B - RI * INT(B/R1) 

R3 = RI - R2 * INT(R/R2) 

• • 
• • 
• • 

RN_1 = RN_3 - RN_2 * INT(RN_/RN_2) 

RN = Rn _ 2 - RN_1 * INT(RN_/RN_1) 

(0 <= RI< B) 
(0 <= R2< R1) 

(0 <= R3< R2 ) 

(0 <= RN_1< RN_2) 
(RN = 0) 

When the remainder reaches 0 we see that the previous remainder RN _ 1 is 
the greatest common divisor of RN _I and RN _ 2' Arguing in this way we see 
that RN _ 1 is the greatest common divisor of A and B. 

The process outlined above is easily computerised. A program doing this 
is given below. 

10 REM GREATESI COMMON DIVISOR 
:~::(2) 1;·'r~:I: NI CHF(*: ( 14?) " C·)HE(.1"i' E::bl COl"] 
IvlOI\! D J Ij I bClI::~" CI .. II:U: ( J. 7) 
::~;0 F:'F~ I NT "'TH]' S F'HUUF:(('·'i"1 CJil.. .. Cl.JI..J~1 E::b ·THE. GF( 
E:i.~ TE:b T II 
(·I (2) F' F~ I 1\1 T " C C) IvWI c) N D I V I E ClI::~ Cl FT W U I 1\11"1:::: ElI:::Td3 

UG I NO ·THEEUCL..1 DE (.·il\1 (:·'l...C)OH IT I"·WI." CHF(:*: ( :I. 7 ) 
~:.:j(2) F'R I hiT " E: NT E F~ r HE: r wn 11\1 T E: l3E: F( H" II C HF( :,1;: ( 
:1.'/ ) 
60 II\IPUr II F J F(~:; r I 1\1 TI:::.ClEI::< ": (1 n F'f:( J I\IT 
70 IF' (~~< 1. UI::( II\lT (?\) ::: >(.\'1 I .. ·IEN F'F:\ 11\lf " T F( Y (.., 

E';f:~ 11\1" " : (30 ru (:11(.) 

!:HZl ,[ I\IF'U r "SECD"'!') 11\1 T E.(3E:T, " = B:: PH I 1\1 r 
\:;(2) IF B< 1. c)1:~ :I: NT ([i) <. >E~ fl .. ·1 E: 1\1 t;'F~ II\iT "I F(y (.1 

(;:.){·1 I "'" " : [;;OT CJ f.:l(2) 
10(2) IF A<.8 THEN C=A:A~8~8-C 
Jll(.) HEM THE EUCLIDEAN ALGORITHM 
:I. :,::: 0 F< :::. (..~ r. H'" !.j 
130 r=R-S*JNT (RIS) 
14(2) IF T<>(2) THEN R-S:S=f:G010 130 
1. ~:5(7.1 PF( I 1\1 r "fl .. ·IE GF(E(~ rE~~; T CLlI'II'I[Jhl D I V I UUf( J 
G ~ " : F'F( I N'T " '1 CI .. HH: ( :I. ~5H) = b ~ CHI:U: ( :l ] ) 
:I. bv.J 1:::'I::n: 1\1 r CI"'IH~~: ( 1. ~5.(.1·) "THE 1.. .. E:f.:IUT c: t::WII"IlJ 1\1 IvHI 
1.. .. '1' I PL .. E I b: " : I::'F~ 11\1''1''" "CHH:~;: ( :1. ~::.jD) : (.:~·M·B/n 
1. 70 1:::'F(:r 1\1 T r. Pf( 11\1'1" CHH:$: ( :I. ~.:.:.i4) '1 "(.·~I\I[ITI"·IEJ( DC,)':' y 

UF~ Nil 
:I. t:1(1.) GET [·Hi:: J F· El:$:<:>" \(" {~I\ID \3:$:::>" 1\1" T I .. ·IF 1\1 :I. 
U0 
:I. 90 IF' (3:$:::"''' \(" 11 ... 11::::N l::dJI\1 
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f~F('·~DY .. 

The program also calculates the least common multiple of A and B. The 
least common multiple of two numbers A and B is the smallest number 
which is divisible by both A and B. The value of the least common multiple 
of A and B is given by 

A *B/(greatest common divisor) 

If the greatest common divisor of A and B is 0 then it is possible to write 
o as a combination of A and B: 

o = S*A + T*B 

where Sand T are integers. The values of Sand T can be found by working 
backwards with the Euclidean algorithm. Modify the greatest common 
divisor program so that it also ~omputes Sand T. 
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Primes 

A prime number is an integer (greater than 1) that is not divisible by any 
positive integer other than 1 and itself (of course, by divisibility we mean 
exact divisibility). The numbers 2, 3, 5, 7 and 11 are prime, but 4,6,8,9 
and 10 are not. Non-prime numbers are called composite. 

There is no general formula for prime numbers, but Euclid showed (in 
about 300 B.C.) that there are infinitely many primes. We also know that 
primes occur less frequently among large numbers. 

The testing of primes is of considerable interest. Attention has arisen 
recently because of cryptography. 

A simple and straightforward method of determining if a number N is 
prime is called the Sieve of Erastosthenes. (Erastosthenes of Cyrene was 
a Greek mathematician, 276-196 B.C., who also calculated the 
circumference of the Earth.) The idea is to write down all the integers 
from 1 to N. Then leave 2 and strike out all even numbers after 2. The 
next number after 2 which has not been struck out is prime. This is 3. 
Now strike out every third number after 3. The next number left after 3 is 
5 which must be prime. Now strike out every fifth number after 5. This 
process is continued. What remains are the primes between 1 and N. 

The table below shows the result of a sieve on the numbers up to 100. 
The multipies of 2 are crossed out by /, the multiples of 3 by -, 5 by \ 
and 7 by I. 

2 3 >f' 5 -If- 7 $' -9- )Q' 
11 *" 13 *' tr M 17 -%- 19 )Q 

"* .22 23 ~ )6 R- ¥' 29 ~ 
31 ;l1 +3- )4 '* *" 37 )-S" -39- ~ 
41 
~ 

43 ,44 ~ ~ 47 ~ 4f )« 
-5+ 53 * ~ 1 -5=t- % 59 ~ 
61 9t -$- ~ '6§.. 67 ~ .@-

~ 71 * 73 ~ * J6 17 ~ 79 
~ ~ 83 *" 'M. U -&1- ~ 89 * 91 ~ ~ 94 ~ %- 97 9S -99- leQ 

The following program uses the sieve of Erastosthenes to produce a list 
of prime numbers less than some given number N. This number is 
INPUT at the start. 
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1~ REM SIEVE OF ERASTOSTHENES 
::;:~(2) PF, I N"r CI·"IH:$: ( 1.47) II S I EVE:: 01::: Ef:~('~ 

S"I" O!:3"I"HF.:::NES " CHf,:$: ( :1. 7 ) 
::~~~ F'F, I NT' "T'H I S PFmGR('~M w 11....1.... C{.~L,CUI..,,"~TErH 
E Pf:~IME'1 

1.J.(2) PF:;: I NT l'I\IUIVIBEF,~:; UI:::'T'O SUI"'IE: GIVEN 1\IUI"'IBEn 
" CHF~:$: ( 1'7 ) 

~.',:j((,) I NPt.!"r "UP TO WH(.~r NUlvIBEF~ "= 1\1 = PF:~ J 1\1 r 
6(2) IF N(I.J. OR INTlN)()N OR N)15(2)((')((') THEN P 
F~ I N"I" "BE m:::('·'SClN~~BI.."E"" = EHrru !:.'.'!((,) 
'7((,) DII'1 (..,% (1\1) = PI:,IN"I" CHF~:*: (l~.'.'jB) "1:::'Fn:I'1ES I:::F~O 

1"'1 2'1'0" ~ N= F'FCI: 1\1 T' 
13~ Fell::;: 1""2 'rD 1'1 
9(2) IF A%(I)~l T'HEN 13(2) 
1~((') IF 39-POS(~)(LEN(STR$(I» THEN PRIN"I' 
11 ~ I:::'I::~ I N"I" I ~ 

12~ FOR J~I TO N STEP I:A%(J)~l:NEXT 
1::~'~ NEXT: PFUN"f 
:I. 4((,) PF< I N"I" = Pf:~ I N r CHR~t<: ( :1, ~:;4·) • "('·1NC)"I"HI::::I::~ GO''? Y 

OR 1\1" 
:I. ~.'j(2) GET G:~;: : IF' G):$:( >" Y" ~iND (3:*:<.> "I\I"TI"·IF.:::N j, 

~.';~ 

16(2) IF G:*:~" Y "r~'IEI\1 I:;:UI\I 
l. '7(2) PF~ I N"I" CHR:*: ( 14·'7) II Byr::. Fm, NOW": l::::ND 

Note that for large numbers the program starts off slowly; but soon 
starts printing primes very fast. It takes about 7 minutes and 21 seconds to 
print the primes between 2 and 15000. 

The sieve of Erastosthenes is conceptually easy. It is useful if you want a 
list of prime numbers. But it is not a very practical method of testing 
whether a number is prime. 

A simple way to check if a number N is prime is to check whether it is 
divisible by the numbers smaller than N, step by step. The following 
program illustrates this method. A clock is included to indicate how long it 
takes to test the number for primality. 

1(2) REM PRIMES VERSION 1 
20 PI:U N'1" CHR:*: (j.4'7> " I NI:-:FF reI EN.,. PfU l'1E 

TES"I"EF, VERS I ON :L II CHf,:*: ( j, '7 ) 
:::;(2) I NPUT II NUMBEH 'TO HE TE!:),TED "= N = F'F\ I NT 
4(2) IF N< 4 ClF~ N<:> I NT (N) T'HEI\I PF, I N"I" II BE f:~F.::: 

"'t~DN('·~Etl...I~~" = (;')c:lT Cl :~!;(2) 
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~:;el ~~:*:::::: II II = r I :$::r.::" elelel(2Hllel" : X ':::1\1""':[ 

6 el F em I :"'::,~:! ''I'' CJ X 
7elT':::::NI I: IF IN"!" ('r) :::::'1" fl"'IEI\l ~,~$::",IINC)r II ~ 1::::: 
X 
f.:M NEXT 
(:rel PH I Nr II T'HE NUIVIBEF( I ~3 " {,~:*: "PH I I"IE. II 

1 el0 PI::< I NT': PF~ r N"I" 11"1" I IvlE 'T{,H:::EN 'TO TF:':!3'r NUI'1B 
E:J< II ~ I NT ('I" I 160+0. ~:5) II !::IECClNDS II 
1, 1,0 PH I NT = PF~ I NT C~'H~:;j;: ( 1, f.54) • II ',~NC)"I"HE:f~ (3D',? Y 
c)F~ Nil 

:l :~:!0 GET G:*:: IF E;:$:<:;:' II Y" {,~ND E):*;'::,:> "1\1" THEN :l 

1. :~~(2) ,[ F 13:$;··:: II Y "THEN F(UN 
140 PF:~ I I\lT CI·H~:*: ( j, "~'7) "fjYE:: FC:lI~ NOW ": END 

RF.::(.,H)Y. 

The program works but it really is inefficient and slow. For instance to 
test the primality of 9001 takes about 113 seconds. A little thought will 
produce enormous benefits. 

For a start we needn't bother using all the numbers between 2 and N. We 
need only use the numbers between 2 and INT(SQR(N». Because if M is an 
integer which divides N and is greater than INT(SQR(N» then N/M is an 
integer that divides N and is smaller than INT(SQR(N». This simple 
addition is included in version two below. 

10 HEM PRIMES VERSION 2 
20 F'F~ I NT CHV~:*: ( 1,4, '7) II I NEF:'F 1 C:[ ENT I:::'F~ 11'11::. 

rE:B'T'ER VER!3 I ON :~:!" CHF~:*: ( 1. '7) 
:~;0 :£ I\IPUT II NUI"IBER TO BE TESTED ": N: PH I NT 
40 IF N< 4 em N<:::- I 1\1"1" (N ) THEN PF:~ I N'r II BE RE 
("BON(,,'BLE" : G(rTO ::~;el 

f.!iel ?~::t;:=="": "!" I :*:.:::" 0(2) el 00 (2) " : X r.mSG1F' (N) 
60 I:::'DF~ I ':::2 'TCl X 
70 1":::::1\11 I : IF' I NT ( 'r) ::.,rrHEI\1 (.,':*::::r. "I\IO,,!,' ": I::::: 
X 
E3(2) NE X ''I'' 
9(2) PF:( 1: NT' "T'HE NLJI'1BER J: f.3 II A:f II PF~ I l'1E. II 

:[ el0 PR J: N"I": I::'I:~ I NT' "T I Ivlf.:: 'T/,'KI::':I\I TO TEST NUM8 
E:F~ II = 1l\lT ( "I" 1/6(2)"1--(2). :;) II SECONDS II 
1, 1. (2) PH I NT = F'R 1 NT CHR:*: ( 1 ~i4) " "/~NO'T'HER GO? Y 
ClI~ Nil 

120 (:',ET G:f: I I:::' G:*:<:>" 'Y" AND (3$<:::-" N" 'THEN 1 

91 



Mathematics on the Commodore 64 

1,::!;(7.) I F [;;:~;:::::,,, Y " THEN f~I..JI\1 

14(2) PR I N"r CHI:~:*: ( :I. 4'7) II BYE FClFi: NOW" r. I::::ND 

This version works considerably faster. Testing the number 9001 now 
takes just over 1 second. A larger number, such as 987654323 takes about 
387 seconds to test. Don't attempt to test such a large number with version 
1 - unless you enjoy looking mindlessly at your television screen. 

Remark. The addition incorporated in Prime Version 2 could also be 
incorporated in the program Erastosthenes to produce Erastosthenes 2. 
With this addition it takes 6 minutes and 21 seconds to print out the primes 
from 2 to 15000. 

1(7.) REM SIEVE OF ERASTClSTHENES : WITH ADD 
I ''I'' :I: ON8 

E.;"rm3THENE::l3" CHR$ ( 1. '7) 
:~!;(7.) PF~ I N"r ""rH I S pnC)(~)f~(,,~lvl WI l...1.... C("~I.. .. CUI.."f,rrl:::: 'rl"'1 
E PF~ J: l'1E" 
1.~(7.) I:::'F~:£ NT "1\Il.JIVIBERS UF'TU f.:;CllvIE E) I VEN 1\1 Ulvl BE F:i: 

" CHI::;::$: ( 1'7 ) 
~.3(7.) .t NPl.Jr "UP 'TO WH(.,~r 1\Il..JlvIBEF~ "" N r. PF~ I N'T' 
6(2) IF N(4 OR INT(N)()N OR N)15(2)(2)(7.) THEN P 
F~ I N"r II BE RE:~~!::)ON{,~BI.. .. E. II r. GO"I"Cl ~'5(l.l 

'7(7.) D I 1'1 ~~% (N) = PFo( J: N'r C;Hf:i:~*: ( ]. 51::1) II PI:~ I l'1E!3 1:::'f:':rJ 
iVl 2 ro" ~ N = F:'I:~ I I\IT' = 8':" I 1\lT' (SGlF:i: (1\1) 'oJ-':1. ) 
8(2) FClH I ::::::,'2 'T'O N 
9(2) IF A%(I)~l THEN 13(2) 
1(l.l(2) IF 39-P08«(7.)(l...ENCSTR$(I» THEN PRINT 
11,0 Pf;:IN'T :1:" 
12(2) IF I(~S THEN FOR J~I TO N srEP rnA%( 
~J ) .m:l. : I\IE X T 
1 ::::;(2) NE X T: PR I NT' 
14(2) PF~ I N"r: PF:;: I NT CHR:~i: ( :I. ~7:;4) " II (.,~NClrHEF~ GU',? Y 

OR 1\1" 
1 ~50 GET G):*:: IF (3:$:< >" Y" f,~I\1D U:~'<'::''' N "T'HEI\I :1, 
~:m 
16(2) I I:::' (3:*:.:::" Y "THEN F:;:UI\I 
1 '70 F'Fi: I N'r CHR$ ( :I. i.~7) " ElYE FDf:, I\lOW " r. I::,NO 

We can further improve the program Primes Version 2 by taking a tip 
from the sieve of Erastosthenes. We can miss out all even numbers bigger 
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than 2 and miss out every third number after 3. These suggestions have 
been added to the third version of the program. 

10 REM PRIMES VERSION 3 
:,;:~0 PI~n: NT CI,,·lfU: ( :I. 47) " "PFU l'1E:: TE~:nEH VE:I:~~::)]: ON 

::~:" CHF(:$: ( :I. 7) 

:::!:0 I NI:::'UT "I\IUI"IBI::::RTCl DE 'fE:GTI::::D ": 1\1: F'n II\IT 
'l0 1 F;' 1\1< "I, urI NO::::> I NT (N) "I'HEI\I PI:~ I NT' "ElI:::: I::<E 
{,) ~::; D 1\1 (.:~ Ell.... [::: " : C;) Cl'T Cl :::!: 0 
~':;0 {):*::::::"": T' I :*::::r." Q)Q)((,) Q)Q) 0 " : X :::::~7.)GH:\ (1\1) 
~:s :~:~ I F' I 1\1 T' ( 1\1 / :;::~ ) "'" 1\1 / :::~r H E: 1\1 f·) :~;:::::: " 1\1 CJ r ": C';) Of U 

90 
~:) :;!: IF::' I NT ( 1\1 F:;:) "'" N ;::!: r 1",1 E: 1\1 (.) :~;: ::::: " N Clf "~F, OT 0 

(10 

60 FOR 1-5 fO X STEP 6 
7 Q) T ::::: N / 1 : IF J NT' ( T ) ':::T THE:: N (.,~ :*: ::::: " 1\1 elT ":: 1 ::::: 
X 
7 ~,:j r ::::: 1\1 / ( I +- :;':~) ~ .r F' I 1\1 r (I' ) :::::'1"'1" 1,,,1 EN (.,) :~;: :0:: " "I Dr 
" = I:or. X 
B0 I\IE:XI' 
90 F'!::\ I NT' "fl"'IE:: I\I\"JI"IEII::::I::\ J: E~ " (..):~,: "1:;:'H:r 1"1 f.::: , " 

i, (?)((,) PI:( I NT: Pf:( I NT ""I I IVIE:I (,,)I<E::~NrCJ 'lEST Nl..JlVIF.3 
H( " : 11\1'1" ( T 1/60+'0" '5) II UE::CCll\ID~:3 II 

:I. :I. Q) F'f~ I NT:: F::'f:;: J NT CHF\$: ( 1 ~::;I.I,) , "("~"IClTHEf~ (3D",... Y 
ClFI 1\1" 

:1, :;:: Q) (3 E: T' E·) :~,:: I F' G :~;: '::, :> " Y " (,·)1\1 D U :,1,: <: :> " N " ''I'' '"-11:::: N :I. 
:;;::Q) 
1 :::!: (?) I F' c:) :~;:::::: " Y " r 1 .. ·1 E::: N F:(l"j N 
:I. if(?) PI:~:r 1\1''1'' CHI:;::*: ( 14'7) "BYI:~: FOF~ NOW": E:::I\ID 

This speeds up the program a little. Testing the prime 987654323 now 
takes about 133 seconds which is quite reasonable. 

A composite number may be written as a product of prime numbers. For 
instance 

6 = 3 * 2 
24 = 3 * 2 * 2 * 2 
81018001 = 9001 * 9001 

and so on. The various primes that occur are called the factors of the 
number. By adding a few extra lines to version 3 we can have all the factors 
of a number displayed. 

The next program prints out the factors of a number. 
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10 REM PRIME FACTORS 
2~ GO TO 7~ : REM NEXT BIT IS SUBROUTINE 
Fc)I:~ I:::' ?~C rOn~3 
30 Y~N/T:IF 38-Pc)S(~)(LEN(STRS(Y» THEN 
PF~ I N·r 
4~ PRINT Y::N~T:T·N/Y:IF T-INT(T) THEN 3 
o 
5~ S-SQR(N)+1:RETURN 
6~ REM THE MAIN PART 
7~ PF( I N"I" CHF,:$: ( :1.47) • CI .. ·lf:(:$: ( 1 ~S4) II pn II"IE: I::: 
('·\C'TORB" CHF:($ ( 17 ) 
B0 INPUT "NUI"mEJ~ TO BErE::~::),TE:I) "~I\I::PFn:"IT' 
9~ r F N< 4 em N< > I Nf (N) 'THEN PI~ I I\I''\' "BE F~E 

?~!3ClN?~BI....E II : GClfO t::j~ 

10~ PR I NT CI .. -IF(:*: (~.'i) "fHE F?1C rC)l::(~::l OF": 1\1 ~ "(.·~I::< 

E" CI"II:~:$: ( :I. '7 ) 
:L 1 ~r I :*:~ II ~~~(l)(l)~ II : X "'''~::lG1F( (N) : !::l::::: X +.:L 
12(l) T-N/2:IF INT(T) ~ T THEN GOSUB 30 
130 T-N/3:IF INT(T) ~ T THEN GOSUS 3(l) 
140 FOR 1-5 TO X STEP b 
150 r-N/I:IF INT(T) ~ r THEN GOSUB 30 
16~ T-N/(I+2):IF INT(T) - T THEN GOSUS 3 
o 
17~ iF I>S THEN I-X 
1 BI2l 1\lI:::xr 
190 IF 3B-PClS«(l)(LEN(STn$(N» THEN PRINT 
2~12l IF N>1 THEN PRINT N: 
:2:[ ~ PI:( I NT': PR I 1\1''1'': I:::'R I N'T CHF:(:;j;; ( :l ~.~;B) II'fHP1"r' ~:; 

?H .. I.. .. " 
.2:;;:~(l) F'F~ I N'r = PF:( I N"I" " T II"IE TO F I!\II) F (.~crClF~!::; W{:l 

f3" = J: NT (T I I 6~+~. :7:i) "E:IECClNl:H3" 
:2:::;0 F'I::( I NT: PI::( 1 N"I" CHR:*: ( :I. ~.':i4) 'I II ('·~NClrl"·IEF~ GO'? Y 

OF< N" 
:,;::4~ GET G~'\i:: IF::' G:$:< >" Y" f·~I\ID G:$·(:>" N "fHE:I\I 2 
.(.I·~ 

:;;:~~:;(() IF G~1:::::::" Y "rl"'IEI\I I::(UN 
:~~6~ F'I~ I NT CHf~:*: ( 11.1·7) II BYE FClF( I\IClW I': E::I\ID 

If you enter a very large number into the program then the Commodore 
64 will round off the number and find the factors of that number. 
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Large primes 
Finding large prime numbers is a pastime for some. The largest known 
primes are usually Mersenne primes. Numbers of the form 

are called Mersenne numbers because of the French monk, Father Marin 
Mersennes who made some suggestions concerning the primality of such 
numbers. 

Many early writers believed that the Mersenne numbers are prime if the 
exponent M is prime. For the first few cases this is indeed true. 

22 - 1 = 3 
23 - 1 = 7 
25 - 1 = 31 
27 - 1 = 127 

But for P = 11 the number is not prime. 

211 - 1 = 2047 = 23 * 89 

For at least the last 100 years the world's largest known prime has always 
been a Mersenne prime (except for a short period in 1951). Prior to January 
1983, the largest known prime was 

244497 - 1 

a Mersenne prime discovered by David Slowinski in April 1979. This was 
the 27th Mersenne prime known. In about January 1983 Slowinski found 
the much larger prime 

286243 - 1 

which is a Mersenne prime containing 25962 decimal digits. (It would fill 
several pages of this book to write out the number completely.) The 
computer that Slowinski used was a Cray - 1. This is an amazingly fast 
machine, even so it took 1 hour 36 minutes and 22 seconds of computer 
time to perform the test. 

An arbitrary number of the size of 2286243 - 1 would be impossible to test 
for primality using any of the programs in the previous section. But there 
are special techniques for Mersenne numbers. These were developed 
during the last 100 years. To test a number of the form N = 2P - 1 for 
primality one defines a sequence as follows: 
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U I = 4 
U2 = U I *U I - N*INT«U I *U I - 2)/N) 

• • 
• • 
• • 

Up_I = Up_2 *Up_2 - 2 - N*INT«Up_/Up_2 - 2)/N) 

Then N is prime if and only if Up _ I = O. This means that in order to test 
for N being prime we need to perform approximately P simple 
calculations. Performing 86243 operations would be quite simple for the 
Commodore 64 if the numbers involved were small. But here one is dealing 
with numbers that have 86243 binary digits and the Commodore 64 stores 
32 binary digits. There are methods available to get around this problem 
but we won't go into the details here. See the next chapter. 

Probabilistic primaiity testing 
Given unlimited time we could test for the primality of an integer by trial 
division. But time is limited, even for a computer. 

In the last few years a new test has been devised which is based on an old 
theorem of Pierre Fermat who lived during the 17th century. Fermat 
showed that if P is a prime number and B is some other number between 1 
and P - 1 then the number BP-I - 1 is divisible by P. For instance, let P = 

11 and B = 2 then 211 - 1 - 1 is 1023 which is indeed divisible by 11. 
Although Fermat proved his theorem for all values of B, the Chinese 

mathematician Pomerance (5th Century B.C.) knew the theorem in the 
case B = 2. In addition he believed, incorrectly, that the converse is true. In 
other words he believed that if 2P -I - 1 is divisible by P then P is a prime 
number. However the number 341 divides 2340 - 1 and 341 is not prime. We 
call such a number a pseudoprime to the base 2. In general a composite 
number P that divides BP-I - 1 is called apseudoprime to the base B. Most 
numbers that appear to be pseudoprimes are in fact genuine primes. And 
this is what the test is based on. 

10 REM PROBABILISTIC PRIMALITY TEST 
:,?0 F'I::( I 1\1"1" CI'''II:~:*: ( :1. "1,'7 > CHI:~:iI> ( 1. ~i4) " PF~CJB 

{'~B~~L,:r ST' I C PI:~ I l'o(I{~L. I 'T'Y "rES"!,," c~·m~f.: ( 17) 
::~;((.) I I\IF'l.Jl' "l\Il.JIVI8f.:::H 'lO EtE TES"!"ED "= 1\1 
":1·0 IF' N<.4 Of( 1\1<:;:' I 1\1'1" (1\1 )'I"I"'IEN 1:::'F:\:r NT' II BE:: F(/:::: 
('\~30I\lM31.."E" : I::;'FI J: 1\1 r : GtrlO ::~;(2) 

5(2) REM F'ACTOR 1\1-1 ~ (2 A r>*x 
6(2) "1""'0: X"':I\I'"''1 
7((,) D~X/2=IF II\IT(D)~D THEI\I T~T+l:X~D:GOTO 

'7(2) 
8(2) REM SELECT BASE B 
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9~ B~RND(-TI):B~IN1(RND(1)*(N-3.~001) + 
~;:~ ) 

100 PF~ I NT': PR I NT CHH~~!: (~5) II 'TEST' U~3 I 1\1(3 B~~~;E 

" ; B: CHI~(:*: ( 1'7 ) 
110 REM HAISE B TO POWER X 
1::20 Pr.r.'l 
130 IF X~~ THEN 170 
140 D~X/2:IF D()INT(D) THEN P~P*B:P~P-N* 
I NT (F' 11\1) 
150 B~B*B:B~B-N*INT(B/N):X~INT(D):GOTO 1 
:::::0 
160 REM CHECK B~X 
170 IF P~l OR P=N-1 THEN 200 
1 E30 IF "1"< ::2 THEN PF~ I N'T "I"UI"IBE~F~ IS I\IOT PF~ I 
I"IE" : GOT'O ~~~~7i0 

190 P~P*P:P~P-N*INT(P/N):T~T-l=GOTO 170 
:,;:~0~ Pf~ I NT II NUMBEF~ I ~3 PI::;:DElABI ... Y PR I I"IE II CHR 
:~;:( 1 '7) 

210 PI::~:r I\lT' CHf:~~'I!: ( :1, ~,:;f.3) II DO YOU W~.irNT "I"n "I"E~:)T 

'THE NUlviElEf~ ~·'G~~ IN" 
:;;:~:;::~0 Pf,:r NT "W I TH ~·~NO"I"HE::F~ B~,~SE? Y m~ 1\1" 
:~~~~:0 GI::l' G:$:: I F (3:~,<:>" Y" F-~N[) G:f.:(:>" N" T'HEN 2 
:;;: 0 
:;;:~40 I F C~:*;"':: II Y II THEI\I 6~ 
2!50 PR I I\lT: PR I N"I" CHF(:*: ( 1 :51.~) • "~·~NO"I"HEF< GO? Y 

C)f:( 1\1 " 
260 GE'l G~*:: IF C,:$:":,:;:''' Y" ~~ND G:*:<:;:''' N" "I"HEN ::2 
60 
:;;:~70 IF (::J:$:'''' '' Y" THEI\I F~UN 

21:30 PI~ I NT' CHR$: ( l. 1.1-'7) "BYE FClF=~ NOW": I!:::ND 

Try numbers such as 341 and 561, neither of which are prime. If you find 
that they are a pseudoprime to some base then try another base. 

Note. The program is fast but doesn't work very well with large numbers 
because of rounding off in the multiplications involved. 
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Odds and Ends 

Pythagorean triplets 

Recall the theorem of Pythagoras which has already been mentioned in 
this book. It states that in a right angled triangle with sides X, Y and Z, 
where Z is the hypotenuse (the longest side), the following relation holds. 

X2 + y2 = Z2 

The classic example that is readily recalled is the 3, 4, 5 right triangle. 

32 + 42 = 52 

Another example is the 5, 12, 13 right triangle. 

52 + 122 = 132 

Of course there are infinitely many different examples of right angled 
triangles. But, how many examples are there in which X, Y and Z are 
integers? The answer is that there are infinitely many. Such numbers X, 
Y and Z are called Pythagorean triplets. 

How can we produce a list of some Pythagorean triplets? Naturally 
such a list should not contain triplets that are products of another. For 
instance, since 3, 4, 5 is a Pythagorean triplet so is 6, 8, 10. Pythagorean 
triplets which have no common factor are called primitive. Thus 3, 4, 5 is 
a primitive pythagorean triplet while 6, 8, 10 is not primitive. 

Producing Pythagorean triplets could be time consuming were it not 
for some mathematicians who managed to produce an elegant method of 
generating primitive Pythagorean triplets. The technique is as follows. 

1. Choose two positive integers A and B so that: 

(a) A is greater than B. 
(b) A + B is odd (thUS one of the numbers is odd and the other 
is even) 
(c) A and B have no common divisor except 1. 
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2. Calculate 

X = N - B2 
Y = 2*A*B 
Z = N + B2 

The numbers X, Y, Z are a primitive Pythagorean triplet. Conversely, 
any primite Pythagorean triplet can be formed in this way. This 
technique is used in the program Pythagorean Triplets to produce a list 
of pythagorean triplets. The process starts with A = 2. The program 
then finds all possible values of B satisfying the required conditions. The 
value of A is increased and the process repeated. Twenty triplets are 
printed out at a time. You may continue for as long as you like. The 
starting value of A may be changed if desired. 

10 REM PYTHAGOREAN TRIPLETS 
::::~0 F'I::( I NT CI'''IF~:*: ( 11.1·}) .. CI"'IF($: ( 1 ~:;i.I·) "F'Ylt··I(,·~UUf\~:J·\ 

N T'F( I F'L.ETU" CI'''IR~;: ( 1 7) 
:;::0 PF( I NT "TH I ~:3 F::'h:OC:')F,("~I¥1 F'H I NT~::; our mmE F' 
1::< I 1"1 Ir I VE: " 
40 F::'r( I NT II F'Y TI"·I('·1E·)ClF(E:('·~N Tn I PI.. .. Ef U. II CHH:~;: ( :l 7 

60 GET G:$:: IF G:$:·::::>" Y" THE:I\I 60 
70 I:::'F~ I NT CHF,:*: ( :l.1.~7) • CHI::,:$,: ( :I. ~:)"l) l'I:::'VTI .. ·I(.·iE1UHE:?1 
1\1 rF< I F'L.E:r~::) II CHF:<:~;: ( 17) 
~:J 0 I:::' F< I 1\I'r II C U U 1\1 T ·14· ·M· X .~ .. jE. *.j!. Y .j! .. ~. 

l .j! .. ~. II C Hf:( :*: ( :I. ~::; t:l ) 
90 8~8-2:IF 8(1 THEN A-A+i:S-A-l 
:I. 00 (.~:I. :::.(..~: B:[ :::::B 
:I. :L 0 N:::: I 1\1''1 (('H I Eq ) : (.i ::::~ ,::: (..':) :L ..... N .~. E·n 
:1.20 IF A2()0 THEN Al=81:81~A2:GOTU 110 
130 IF B1(>i THEN 90 

.~.,*. 

:1.40 KmK+l:PHINT K,A*A-8*B.2*A*8.A*A+8*B 
150 IF INT(K/20)(:>K/20 THEN 90 
160 F'F( I NT': F'I::( I NT' CHF(:~;: ( 1 ~::i4) ,." CDN"r I NUE',? Y 

Drl 1\1" ~ 

170 tJE"r D:$: : IF' [;):$:<:>" Y" {·il\ID G:~;:<:> "1\I"fHE:N .I. 
70 
1. 80 IF G:a::::::: II V" rHE:N 70 
:I. 90 F'F~ I NT' CHr<:$: ( 1. 47) "BYE FUF< NOW ": [::I\ID 
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Multi-precision powers 
The Commodore 64 keeps numbers with 9 significant digits accurately. 
Thus integers less than 999,999,999 are stored accurately. Larger 
numbers are rounded off. How can we calculate large powers of 
numbers accurately? For instance, what is 2 to the power 130? The 
answer is to use multi-precision arithmetic. 

One way to produce multi-precision arithmetic is to store the digits of 
a number in an array M(I). With M(O) storing the last 4 digits, M(1) 
storing the previous 4 and so on. Thus 987654 would be stored as: 

M(l) = 98, M(O) = 7654 

The original number is recovered by converting the array elements into 
strings and printing each in turn. Of course, it may also be recovered by 
the formula: 

M = M(1)*lQ4 + M(O) 

Suppose that we want to multiply M = 987654 by N = 23456. First we 
would write these numbers into arrays M(I) and N(I). 

M(l) = 98, M(O) = 7654 
N(l) = 2, N(O) = 3456 

Now form the following 

C(O) M(O)*N(O) 
C(l) M(1)*N(O) + M(O)*N(1) 
C(2) M(I)*N(I) 

The result becomes: 

C(O) 26452224 
C(1) 353996 
C(2) 196 

We then calculate the product M*N by the following 

196*108 + 353996*1Q4 + 26452224 
19600000000 + 3539960000 + 26452224 

= 23166412224 

Of course the calculation is not done as shown above - the Commodore 
64 would simply round off the numbers. What we do is strip 
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off the digits from the left of C(O) so that only 4 are left. We add the 
digits stripped off to C(1). 

C(O) -+ 2224 
C(J) -+ 353996 + 2645 = 356641 

Next, strip off the digits from the left of C(1) so that only 4 are left. Add 
the digits stripped off to C(2). 

C(l) -+ 6641 
C(2) -+ 196 + 35 = 231 

We therefore obtain the following: 

C(2) = 231, C(1) = 6641, C(O) = 2224 

from which we read immediately that 

987654*23456 = 23166412224 

This process is quite general. For other larger numbers there may be a 
value for the array element M(2), M(3) etc. In such a situation we would 
form the following. 

C(O) M(O)*N(O) 
C(1) M(1)*N(O) + M(O)*N(1) 
C(2) M(2)*N(0) + M(I)*N(I) + M(0)*N(2) 
etc. 

After this the stripping process is performed when finally the answer can 
be printed out. 

The program Multi-Precision Powers illustrates how the process just 
described may be used to calculate accurately powers of numbers. The 
program continues until a 40 digit number is reached. If desired you can 
have even higher degrees of accuracy by changing the value of X in line 
80. The value of X + 1 times 4 is the degree of precision. 

1~ REM MULTI-PRECISION POWERS 
~'::0 Pf~ I \\IT CI"m:*: ( 1 1+"7) • CHR:*: ( :L 54) "I"IUI... T 1 "'''PF~EC 
J: ~:; J: ON F'OWER!::)" C~,m$ ( :I. 7 ) 
:::::~ PF~ J: NT' "'I"H I!3 F'f~c)GI:~?\I"1 F'I:~ II\l'rE; OUT POWF.:J,G 

m::' ~·~N" 

4~ pr~ I NT "I NTEC,ER ACCUf~{·rT E ''1''0 4~ D:t G I 'fS. 
" CHI~:*: ( 1 '?) 
:i(l) F'F~ I NT' "EI\I"rE:F~ I\Il.JI"'II~~ER WHOS;E: POWEFd3 ('·'lJF~E 

REGIU I f~ED. " 
6~ II\IPUT "Nl.JI"IEO;:::R "= N: PR I 1\1''1'' 
7~ IF N(2 OR N)999999999 OR N()INT(N) TH 
EI\I PR II\I"\" "ERF~Cm ,,- TRY {,~G{~ IN" : (,OrO 6(l) 
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H(7.) T":::I. (7.)(()Q)Q) r. X :.,(:, ~ y,,::: X +:;;:~: D 11"1 1'1 (X) ,1\1 ( X) • L, (y) : 
K=l:N«(7.)=N:M(Q)~N 

85 REM CHANGE X FOR orHER DEGREES OF PRE 
C I E':I. ON 
9(7.) FOR 1":::(7.) T Cl 2 
1(7.)Q) IF MII»=T THEN Q=INT(M(I)/T):M(I'=M 
(I)-Q*1:M(I+1)-M(I+l)+Q 
L:lv) N(1)::::I"I(I) 
12t1.l I\IE: X ''I 
1,::;;tI.) F'F< I I\IT C 1,,,1 FU: ( 1 It '7) "I"IULI" I·,,·F'F<E:C I S I ON POW 
EJ~~~; OF" = 1\1: CHI:U: ( 1'7 ) 
:I i.j.Q) I<':::~::,+:I. 

15(7.) FOR 1=(7.) TO Y:L(I)=(7.):NEX1 
160 FOR J-(7.) 10 2:FOR 1=(7.) 10 X 
170 L(I+J'=L(I+J)+N(I)*M(J) 
1 !:3(7.) NEXT: NEX "r 
19(7.) FOR 1=0 TO X:N(I)=L(I):NEXT 
2(7.)Q) FClh: 1 :.,,(7.) TD X 
:;:~~ :I. (7.) I F' N ( I ) :> :::"1" r HE: N Gl "':: I I\lf ( N ( I ) I "1") : N ( I ) .,: N 
(I)-Q*1:N(I+l)=N(I+l)+Q 

:,;:~ ::;:~ (7.) N E X "I" 
:;:~::::;(7.) FUr, I -(7.) TO X 
24(7.) IF N(I»(7.) THEN L=I 
2~::i(7.) I\lEXT 
26(7.) F'F~ I NT CI"'ln~;: ( :[ ~.':;I.I·) = N: " .... " = 1< ~ Cr"lfH: ( :1. ::,:iEj) 
27(7.) FOR I=L TO Q) STEP -1 

28(7.) AS=MID$(STRS(N(I» .2) 
~:~9(7.) 1 F 1 -::: 1... ('·~ND I...E:I\I (,.~:*:) <: >4 'T'HEN f.'~:*:r.",,, Q)" +(.:l:$: 

: f:) err C) :2 'I (7.) 
3(7.)(7.) PRINT AS::NEXT:pnINT' 
31Q) IF (N(X)*l+N(X-l»*N>-T*T THEN 36t1.l 
32(7.) IF INT(K/l(7.)<:>K/10 THEN li.j.Q) 

:::::;!:0 I:::'j:.< I NT: F'R 11\IT CHH$: ( l. :.:i4) ,,'I PF~E~:;~3 Y TO C 
ON! I NUE II : 

::!:I.I·((') E')ET D:$::.r F (3:*:'::::>" Y "THEN :::::40 
~:!; ~~ (7.) G D T Cl :1. :::; Q) 

::::60 F'I::;; 1 NT: F'F:< I NT C~HU: ( :I. ~:i4) " "~·~I\IC),THEF< (3D? Y 
em 1'1" ~ 

.::: 7 0 C·) ET C1:*:: I F (3 :;f;: .::. :> " Y II f·~ I\/D (3 :$: <: :> " 1'1 "I" H E 1\1 :::!: 

70 
::::80 IF C;):*::::'" Y" THEN HUI\I 
:::::c:,Q) F'F< INT Cr"If\:*: ( 147) "1WE::, FClH NOW" r. 1::::1\10 

F(E:('·~DY • 
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CHAPTER 11 

Matrices 

Matrices are rectangular arrays of numbers, the position and value of 
each number being important. A matrix is usually, but not always, 
shown in brackets thus: 

I 2 - 3 65J l-4 4 
The size of a matrix is given by the number of rows and columns. We 

say that a matrix is an M by N matrix if it has M rows and N columns. 
Thus the example above is a 2 by 3 matrix. Here are some examples of 
matrices 

l! :: n 
9 
o 
8 

1~ l 
-2j 

A 3 by 3 matrix 

A 3 by 2 matrix 

A 2 by 2 matrix 

If the number of rows in a matrix equals the number of columns in the 
matrix then we say that it is a square matrix. 

Matrices are a useful concept for holding information in a concise 
way. For instance, suppose that you have calculated the amount spent in 
your household on three types of fuel each quarter during a year. You 
could display the information in a tables as follows: 

Quarter Gas Electric Solid fuel 
1 30 28 5 
2 27 19 4 
3 25 15 0 
4 32 27 3 
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The data can be stored in a 4 by 3 matrix. 

l;~ i~ ~J 
25 15 0 
32 27 3 

You can store matrices in your Commodore 64 by using two- dimen­
sional arrays such as A(I,J). For instance, the matrix of fuel expenditure 
could be stored by making the following assignments. 

A(l,I) = 30 A(l,2) = 28 A(l,3) = 5 
A(2,1) = 27 A(2,2) = 19 A(2,3) = 4 
A(3,1) = 25 A(3,2) = 15 A(3,3) = 0 
A(4,1) = 32 A(4,2) = 27 A(4,3) = 3 

The information would, of course, be entered in by using READ 
statements. 

FOR 1= 1 TO 4:FOR J = 1 TO 3:READ A(I,J):NEXT:NEXT 
DATA 30,28,5,27,19,4,25,15,0,32,27,3 

The following short program illustrates the data being read in and then 
displayed. 

10 PRINT CHR$(147) 
20 FOR 1=1 T04:FOR J = 1 TO 3:READ A(I,J):NEXT:NEXT 
30 FOR 1= 1 TO 4 
40 FOR J = 1 TO 3:PRINT A(I,J);:NEXT 
50 PRINT 
60 NEXT 
100 DATA 30,28,5,27,19,4,25,15,0,32,27,3 

Note that to use the memory space of the Commodore 64 more effi­
ciently we should have started the I and J counters at 0 instead of 1 since 
arrays begin at O. However, conceptually the above is easier. 

Also note that if the number of rows or columns in a matrix exceeds 10 
then a DIM statement is required by the Commodore 64. 

Adding matrices 
Two matrices may be added together provided that they are of the same 
size. In other words two matrices may be added together provided that 
they both have the same number of rows and the same number of 
columns. This addition is performed term-by-term of the corresponding 
terms in the corresponding positions. For example 

[-~; ~] + D ~ i] 
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[ 1 + 2 5 + 0 4 + 5J 
- -2 + 3 3 + 2 1 + 1 

= [ i 5 
;J 5 

Why add matrices? 
An example of the expenditure on fuel for the four quarters of a year was 
given earlier on. Suppose that during the next year the corresponding 
matrix is as follows: 

1-~~ ~~ 4
5
; l 

L35 29 J 
By adding the two matrices together we can obtain the amount spent on 
the three fuels during a particular quarter in the two years. The result is 
the following matrix: 

l~~ ~~ ~J 
45 31 1 
67 56 8 

Your Commodore 64 can add matrices, or two-dimensional arrays 
quite easily. Suppose that we have two arrays A(I,J) and B(I,J) where in 
each case I ranges from 1 to 4 and J ranges from 1 to 3. Addition of these 
two arrays will produce a third array C(I,J) in the following way: 

FOR 1= 1 TO 4:FOR J = 1 TO 3 
C(I,J) = A(I,J) + B(I,J) 
NEXT:NEXT 

Subtraction of matrices uses the same rules as additions of matrices. 

Matrix multiplication 
Matrix multiplication is a quite subtle concept. In order that two 
matrices may be multiplied it is required that the number of columns in 
the first matrix is equal to the number of rows in the second matrix. Thus 
a 4 by 3 matrix can be multiplied with a 3 by 2 matrix. But a 4 by 3 matrix 
cannot be multiplied with a 2 by 3 matrix. 

The product of an M by N matrix with an N by P matrix will be an M 
by P matric. The actual process is best illustrated with an example, the 
explanation being given afterwards. Suppose we want to multiply the 
following matrices: 
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First matrix, a 2 by 3 matrix 

Second matrix, a 3 by 2 matrix 

The number of columns in the first matrix equals the number of rows in 
the second and so we may multiply the first by the second. 

[ -~ -! ~ J * Il~ Ii l 
8 -2 J 

[ 2*9 + -3*0 + 6*8 2*12 + -3*1 +6*-2J 
-4*9 + 4*0 + 5*8 -4*12 + 4*1 + 4*-2 

[6: -5~ J 
To perform the multiplication first look at each row of the first matrix 
and each column of the second matrix. The number of elements in each 
of these is the same. For each of these rows and columns we multiply the 
first of each of these together, then the second, and so on then finally 
add these products together. This produces a number for the product 
matrix. 

On your Commodore 64 you can form the product of the M by N 
matrix A(I,J) with the N by P matrix B(I,J) in the following way. The 
result is an M by P matrix qI,J). 

FOR 1= 1 TO M 
FOR J= 1 TO P 
qI,J) = 0 
FOR K = 1 TO N : qI,]) = qI,J) + A(I,K)*B(K,J) : NEXT 
NEXT 
NEXT 

Note that if A and B are two matrices and if you can form the product 
A *B then you may not be able to form the product B* A. Even if the 
product B* A exists it is not necessarily equal to A *B. Find some simple 
examples! 

Why multiply matrices? 
Lets's look at our household fuel costs example once again. Recall the 
original details. 
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Quarter Gas Electric Solid fuel 

30 28 5 
2 27 19 4 
3 25 15 0 
4 32 27 3 

Suppose that there have been two estimates of the likely increases in 
the costs of these fuels. 

Gas 
Electric 
Solid fuel 

Estimate 1 Estimate 2 

10070 
5% 

10070 

5% 
10% 
10% 

These increases are given as decimals in the next table. 

Gas 
Electric 
Solid fuel 

Estimate 1 Estimate 2 

0.1 
0.05 
0.1 

0.05 
0.1 
0.1 

How much extra would you have to pay for the three fuels during each 
quarter? The answer depends on which estimate you use. The result may 
be tabulated as shown in the next table. 

Quarter Estimate 1 Estimate 2 

1 30* .1 + 28*.05 + 5*.1 30*.05 + 28*.1 + 5*.1 
2 27*.1 + 19*.05 + 4*.1 27*.05 + 19*.1 + 4*.1 
3 25* .1 + 15*.05 + 0*.1 25*.05 + 15*.1 + 0*.1 
4 32* .1 + 27*.05 + 3*.1 32*.05 + 27*.1 + 3*.1 

This evaluates to give the following table. 

Quarter Estimate 1 Estimate 2 

1 4.9 4.8 
2 4.05 3.65 
3 3.24 2.75 
4 4.85 4.6 

You have probably seen that the resulting matrix is the product of the 
matrix of expenditure with the matrix of estimates. In other words it is 
the following product of matrices. 
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[0 28 

~l lO.1 005
1 27 19 * 0.05 0.1 

25 15 0.1 0.1 
32 27 

Zeros and ones 
Matrices that consist of zeros alone are called zero matrices. Adding a 
zero matrix to another matrix has no effect. Multiplying a matrix by a 
zero matrix produces a zero matrix. For instance: 

I ;~ ~~ I * [ ~ ~ J 
L25 15 

l30*0 + 28*0 30*0 + 28*OJ 
27*0 + 19*0 27*0 + 19*0 
25*0 + 15*0 25*0 + 15*0 

~ l~ ~J 
The product 

given below. 

D ~J * 

of two non-zero matrices can be zero. An example is 

[ 1 -IJ 
- 1 1 

[ 1 * 1 + 1 * - 1 
1*1 + 1*-1 

1 * - 1 + 1 *IJ 
1*-1 + 1*1 

[~ ~J 
A square matrix that has ones down the diagonal (top left to bottom 

right) and zeros elsewhere is called an identity matrix. For example, both 
of the following are identity matrices. 

li ! n I~ n 
A matrix multiplied by an identity matrix equals itself. In other words 

the identity matrix behaves much like a 1 does in ordinary number multi­
plication. For example: 
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I;~ 
L25 

28J 19 
15 

I ;~:~ : ~~:~ 
L25*1 + 15*0 

= I;~ ~~ l 
L 25 15 J 

* [~ ~] 
30*0 + 28*IJ 27*0 + 19*1 
25*0 + 15*1 

Inverses of matrices 
The inverse or reciprocal of a matrix, if it exists, has the same property as 
that of the inverse of an ordinary number. The inverse of the number 4 is 
0.25 and 

4 * 0.25 = 1, 0.25*4 = 1 

For a matrix A the inverse (if it exists) is denoted by A ~ I and 

A * A~l = I, A~I*A=I 

where I denotes an identity matrix. 
Only square matrices can have inverses. In fact only certain square 

matrices have inverses. 
Several methods exist for finding an inverse of a square matrix. There 

is a general step-by-step method well suited for your Commodore 64. It 
consists of performing so-called row operations. Roughly speaking we 
place an identity matrix next to the matrix whose inverse we want. The 
row operations are performed on both matrices simultaneously until the 
original is converted to an identity matrix. The matrix that was the 
identity is now the inverse matrix. 

A program that finds inverses of matrices is given later on. Meanwhile 
the method is briefly described. 

Suppose we want to find the inverse of the following matrix. 

[-~ !] 
Placp the identity 2 by 2 matrix next to this matrix. 

[-; ~J ~~ ~J 
We want the top left entry to be a 1 and so we divide the whole first row 
by 2. 
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[ 1 0.5J 
-2 4 

Next, we want the bottom left entry to be ° and so we add twice the first 
row to the second row. 

11 0.5l 1°.5 OJ lO 5 J l_1 1 

N9w we want the bottom right entry (of the left matrix) to be 1. This is 
achieved by dividing the second row by 5. 

1.1 0.5 -'I 1 .. °·5 ° J L ° 1. lO.2 0.2 . 

To make the Idt matrix the identity we subtract half of the second row 
from the first. 

11 0I
IJ l_o 

10.4 -O.IJ 
L 0.2 0.2 

The matrix on the fight is the inverse of the matrix we started with. The 
following calculation verifies this fact. 

[-~ !J * [~:~ -~:~J 
12*.4 + 1*.2 
L-2*.4 + 4*.2 

~J 

2*-.1 + 1*.2J 
-2*-.1 + 4*.2 

The next program finds inverses of square matrices, that is, if an 
inverse exists. 

10 REM iNVERSES OF MATRICES 
:;;:~0 F'I::( I NT CI'''IF<:~;: ( :1.47) • CI'''II',:*: ( :I. ~,).(.I,) ., I NVE:F:<bE,;::) CJ 
r:' i"1(,,~TI::< I CI::::!::)" Cy"lf:;;:$: ( 17) 
::~;Q) F'F\ I I\I'T II'TH I t:l F'r;<ClGR(.-i11 DETEF\I'1 I NE;:3 'I HI:::: 11\1 
VE:REIE: UF' {~N N BY ;\1 1"lr~TI::~ I X" II CHfU; ( 1 7 ) 
"1,(2) PI:, I NT II ENTE:F\ THE: D I Z E OF' TI"ll~:: ~:IG!U("~F(I:::. I'll 
{YrF~ I X H II CI"'IF(:~i: ( j, '7 ) 
~:,7j(2) I Nr;'UT II VPd .... UE OF N II ~ N: F'I:\ I f\1"f 
6 (2) I F' 1\1 <::1. 0 1::( 1\1 <: :> I N T (1\1) T 1-,1 E::I\l F:·' n I 1\1''1'' "1\1 ClI\I!::lI::: 
I\H:IE! !'I"HY ('·'G(.,uN.": (~)CJ'rCl ~:.'50 

7(2) Pf:( I NT ., EI\I'T'E:F(T'HE l"I{·~rH I X fE:F(i"1 BYTF:F<lvl. 
" Ct"I1::;;:*: ( 1. '? ) 
f.J(2) D I Ivl (..~ ( N • 1\1) • D (1\1 • N ) 
90 REM READ IN MATRIX 
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:I. ~~ I:::'OF~ I cor.l.T'O 1\1 
1 :1. ~ F'F< I NT CI'''IF<:*: ( :L ~59) ~ " F;:OW II = I = CHf:;::$; ( :I. ::;1.1,' 
:I. ~~~(2) FClF~ .:) mr.l 'TO 1\1 
1 ::~(2) PF~ r 1\1"1" II CCH",UMN" = ,:1 r. : I I\lPLrr ~:~ ( I •• :1, 
14(2) NEXT:PRINT:NEXT 
15~ REM CALCULATING 
:I. 6~ PF( I I\IT C~"II:~:*: ( 11.1,'7) "THE Ivl('~ll:~ 1: X:" CHH:$: ( 1 
'7) 

17~ FOR I~1 TO NuFOR J~:I. TO N:PRINT A(I. 
J)::NEXT:PRINT:NEXl 
:l B(2) F'F~ I 1\1'1": PF~ I N'T' II C("H",CUU,~ T I N[3 ": 
19~ FOR I~l TO N:B(l.I)~l:NEXl 
2~~ X~~:GOSUB 3~~ 

:;:~ 1 ~ F:~Elvl END I NE? 
2~?~ Pf~ I NT': F'R I N T CHI~~:~;: ( 1 :~S4' • II (.,~NClrl"'IEF( GO"? Y 

OR N" 
2:::!;~ GE'T G:~;:: I F (3~~:<:> II y II (,,)ND (3j~:<:> "1\1 II fHE:N :;:~ 

:~~4Q) IF (7.,:*:". II Y" THE:!\I I::<UN 
:;:~:::i~ Ph: I NT CHI:~:*: ( 147) II BYE FClF~ NOW II: END 
3~~ REM CALCULATING 
~H~ Xm'X+l:Z.mX:PliII\lT "'K'": 
::::;::;:~~ IF 1-)(Z"X)·m~ 'THE:N Z"'Z+i: IF Z<':::NrHEN 

:~:::::::~ If:' Z >1\1 "rHEN pn I N'T': F'F:;: I N'T: I:::'R I 1\1"1" 1'1\10 IN 
VI::R~31~:! ! II : f,E T"UF~N 
34(2) IF Z<>X THEN R~l/A(Z.X): I~X:K~Z:GOSU 

UB ~5~:;(2) 

3b~ FOR I~l TCl N 
37(2) IF I~X THEN I~I+l:IF I>N THEN 39(2) 
3B~ IF A(I.X'()(2) THEN R~-A(I.X):K~X:GClSU 
B ~::;~(2) 

::~;9(2) NEXl 
4~~ IF X(N THEN 31~ 
ii, 1 (2) PI:, I WI": F'F:;: I NT: F'F< I 1\1"1" "T"HI:::: I NVI~:I:~!::lE: II CHf~ 

:~H:l.n 

42~ FOR 1=1 TCl N:FClR J~l TO N:PRINT 8(1. 
~1) : : NEX'l: PFnNT ~ "'EX'I 

50(2) REM ROW OPERATION ADD R TIMES ROW K 
'T'O r~(Jw I 
::::; 1.(7.) F C) 1:( J "'. 1 TT) 1\1 
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::,~,;~:~Q) f'~ ( I , ,:I ) ::::(.,~ ( I • ,:I ) +'f:('*'~,) (f< • ,J ) : I) ( I , .:J ) "·:B ( I 'I .:J ) 
+f'-lI'E< (1<, 'I J ) 
~:,i ,::;; Q) 1\1 E X 'r 
~54Q) F\E:.T UHN 
55(2) REM ROW OPERArIOI\I MULTIPLY ROW I BY 
F( 
~;;6Q) F'ClR ,J::::: J. fO 1\1 
57(2) ACl • .:J)=R*A(I.J):8(I • .:J)=R*8(I • .:J! 
~5BQ) hiE X r 
~::i9(1.J F~ETUF~N 

F~E'("lDY " 

Simultaneous equations 
Matrices ate useful in solving simultaneous equations. An example of 2 
simliltaneous equations in 2 unknowns is given below. 

3*X + I*Y = 7 
5*X + 2*Y = 9 

This is written in matrix form as follows. 

l: : J · l: J = l: ~ 
One way to solve the problem is to find the inverse of the 2 by 2 matrix 

on the left and then multiply the above equation by this inverse. In the 
example the inverse is given by the following matrix. 

[ 2 -IJ -5 3 

We therefore obtain the following equations. 

IJ 2 * 
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[ 2*7-1*9 ] 
- 5*7 + 3*9 

Thus X = 5 and Y = - 8 solves the simultaneous equations. 
The next program Simultaneous Equations essentially goes through 

this process to solve a set of N simultaneous equations in N unknowns. In 
fact the process is to write the set of simultaneous equations into two 
matrices A(I,J) and B(I). The example given earlier on would be written 
as follows. 

Row operations are then performed until the matrix on the left becomes 
the identity matrix. When this is achieved the matrix on the right 
becomes the solution to the set of simultaneous equations. 

1~ REM SIMULTANEOUS EQUATIONS 
~:!(2) PI::::l:NT CHFH: (:l4'7) .CHF~~: (U~j4,) "SH1ULT~,\NEO 

l..Jl~; E:GlL.U~r 1: ON!:;" CHf~$ ( 1'7 ) 
::~;Q) F'1:~INT' II"!"HIS PRO(3R('\M SClLVF:':S ~" BE'T' OF N 

l~; I l'1UL. T' .... , " 
4~ PF~:r NT' II ?~NEDLJ~:) EC~Uf,~r:l: ClI\IE:) :r N N UN~::NOWNS 

." CHF~:*: ( :1, '7 ) 
e.'i(2) PF~:I: NT "E:N"I"ER 'T'HE Nl.JMBEF~ OF EGll.JI.H! ONS. 
" CHR:$:(:I.'7) 
1.:)(2) II\IPI.J"1" "WH .. ,UE OF N "= N: PR I NT 
'7~ II::' N< 1 OR N<:> I NT (N) ""'HEN PR I NT "N()N~!lE: 

I\ISE!! TRY ~,\(3~,\ IN. " "C30TO 6~ 
0(2) PF~ I NT "ENTI::J< THE: COEFF':r C I EN"!,,!::> TERM BY 
rEF~M." CHR:f ( 1 '7) 

CJQ) D:I: 1'1 ,~( N • "') • r$ (N) 
1(2)~ REM READ IN MATRIX OF COEFFICIENT'S 
11(2) FOR 1:~1 TO N 
12(2) F'r~ I N"!" CHn~: ( :[ ~.'5CJ) = " RClW" = 1= CHR:*: ( j, ~54) 
1:::'~ FOF~ ,:Jt=:I. 'T'O hi 
14(2) PR:r NT "CCH .. ,UI"IN" = ,1 = : 1 NPUT f'~ ( l: • ,J ) 
1. ~5(2) NE X T' 
:l. 6~ :r NF'I.JT "F~ I GHT Hf,~N[) TEF~I"I" = B ( I ) : PR l: N"I" 
1 '7~ I\lEXT 
10(2) REM CAL.CUL.ATING 
j, 9~ PR I N'r CHf~:j ( 14'7) !I THE 1'1(,,\TI~ 1 X OF CDEFF 
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I C I EN"rS:" CHF~:!Ii: ( :I. '7 ) 
2~0 FOR I~l TO N:FOR J~l TO N:PRINl A(I. 
J)==NEXT:PRINT 8(I):NEXT 
~':~ 1 ~ PF< 11\1'1': I:::'f~ 1 NT "C~"LC:UI..Ji'T· I hie; ": 
220 X~0:GOSU8 30~ 
:,;:~ :~: ~ I:~ E I'll END I N (3 

:~:~ 4 ~ P F~ I N'T' : P f:~ I NT : P I::~ I NT C ~·m :~i: ( :1, !:'51.1·) " ",,~ N or 1",1 E I::~ 
GO'? y OF~ Nil 

~:~~50 GE:;:"r 13:*: : IF G:*:<:>" Y" I~~ND (3:~i:<'::''' N "TI"'IEN :,;:~ 

!:'j0 
2e:)(2) IF 13:*:""''' Y "'I"HEN f~UN 
:;;:~'70 PI'':;: I NT' CHR:*: (1'rn "ElY!:::: Fcm NUW": I::::ND 
30~ REM CALCULATING 
:::!: 10 X "'" X +, 1 = Z , .. x = 1:::'1::< I N"r II 'K' II = 

:~!:20 IF ?\ ( Z • X) ""((')'I"HEI\I Z '''' Z + 1 : IF Z <, '"'N T'HE:I\I 

.~!;:~qj:l IF Z >N """",lEN PF~ I I\IT': I:::'f~ I NT' Ii F'f:( IN"'" "NO l::;U 
I.. .. ur 1 UN! ! " : 1:~I::::·'I"l..JF:~N 

340 IF Z<:>X THEN R~l/A(Z.X):I~X:K~Z:GOSU 

35((,) IF A(X.X)<:>l T'HEN R~l/A(X.X)=I~x:e;os 
l..lEl !'S!:S0 
:~!:60 F'UR :r "'. j, TO 1\1 
37~ IF I~X THEN I=I+l:IF I)N THEN 390 
38(2) IF A(I.X)<)(2) THEN R--A(I.X):K~X:GOSU 
B ~.'5(1.)(1.) 

:::!:('1(1.) NEXT 
4((,)(2) IF X(N 'l"HEN 31((,) 
1.1·10 F'I:~ I NT: pr~ 1 N"r: PI:~ IN'" "'THE ~:3UI..J .. J"r 1 UN =" CH 
F(:!Ii: ( :I. '7) 

42(1.) FUR 1=1 TO N 
43(1.) IF PUS(1)+LENCSTR$(8(I» »38 THEN PR 

1.1,1.1·((,) I:::'r~ I 1\1'1" 8 C J ) ~ 

4!::j(1.) NEXT 
460 PRINT:RETURN 
5((,)(1.) REM ROW UPERATION ADD R TIMES ROW K 
TO f~UW 1. 
~51((') FUF~ ,:J""'lTCl N 
52(2) A(I.J)~A(1..J)+R*A(K.J) 
:.'j:~:(1.) NE X T 
5408(I)-8(I)+R*BCK):RETURN 
550 REM RUW OPERATION MULTIPLY ROW I B~ 
f:~ 
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560 FOR J-l TO N 
570 ACI,J)-R*A(I.J) 
::"jE10 \\IE Xl 
5908(!)=k*8(I):RETURN 

HE('·~DY " 
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CHAPTER 12 
Codes 

There is a growing need for secure transmission of data. This has resulted 
in much research into cryptography - the art of writing in code or 
cipher. There are two steps involved in cryptography, first encoding the 
message or data and then decoding the coded message back to the 
original. 

Substitution codes 
The simplest ciphers are the substitution ones in which each letter is 
substituted for something else, usually a letter from the same alphabet. 
Here is one such example: 

encoding- encoding-
+-decoding +-decoding 

A A B F 
C K D P 
E U F Z 
G E H J 

0 J T 
K Y L D 
M I N N 
0 S P X 

Q c R H 
S M T R 
U W V B 
W G X L 
Y Q z V 

The message MESSAGE would be translated into IUMMAEU. 
In this cipher, the substitution for each letter was not chosen at 

random. If the letters of the alphabet are number 0 to 25 then the substi­
tute for letter numbered NUM is calculated as follows 

NUM*5 - 26*INT(NUM*5126) 

The reverse process is achieved by the formula 

NUM*21 - 26*INT(NUM*21126) 
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The cipher may be listed with the following short program. 

10 REM SIMPLE CIPHER 
20 PRINT CHR$(l47),"CODING" CHR$(l7) 
30 FOR 1=0 TO 25 
40 J = 1*5 - 26*INT(I*5126) 
50 PRINT CHR$(65 + I) " - " CHR$(65 + J), 
60 NEXT 
70 PRINT:PRINT:PRINT, "DECODING" CHR$(l7) 
80 FORI = 0 TO 25 
100 J = 1*21 - 26*INT(I*21126) 
110 PRINT CHR$(65 + I) " -" CHR$(65 + J), 
120 NEXT 

Essentially to encode a letter we multiply the number of the letter by 5 
and ignore multiples of 26. To decode a letter we need to divide by 5, 
ignoring multiples of 26. This is the same as multiplying by 21 and 
ignoring multiples of 26 because 

5 * 21 105 
=1+4*26 

In other words if we ignore multiples of 26 then 21 is the reciprocal of 5. 
Indeed we say that 21 is the inverse of 5 modulo 26. 

One obvious defect of this code is that a message such as PLEASE 
COME QUICKLY would be encoded as XDUAMU KSIU CWIKYDQ. 
Spaces are left as spaces. To overcome this objection we should include 
spaces, full stops, commas, digits and perhaps question marks in our list 
of letters for substitution. 

Since we have a computer at our disposal we should use the ASCII 
characters. The 59 ASCII characters from 31 to 90 are convenient. These 
include all the letters that we require and in addition 59 is a prime 
number which will be useful for our purpose. CHR$(31) is a colour code 
and will not in fact be used. 

Encoding will be done essentially by multiplying by 5. More precisely 
the single character A$ is encoded to C$ as follows. 

N = 5 * (ASC(A$)-31) 
C$ + CHR$(31 + N - 59*INT(N/59» 

Decoding is achieved by multiplying by 12 (the product of 5 and 12 is 60 
which is 1 ignoring multiples of 59). To decode the single character C$ we 
proceed as follows. 

M = 12 * (ASC(C$)-31) 
A$ = CHR$(31 + M - 59*INT(M/59» 
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Here is a short program, based on the above cipher, which will encode 
a message or decode one. There is one added feature, you have to enter 
one of the numbers 2 to 58 for encoding and decoding. The same number 
must be used for decoding as for encoding. To encode we essentially 
multiply by the chosen number, say N. To decode we multiply by the 
reciprocal of N modulo 59, that is by a number M for which N*M is 1 
ignoring multiples of 59. 

10 REM SU8SfITUTION CODE 
2((,) F:'F< I NT CI· .. lh::*: ( ,1'('1·7) • CHH:~,: ( :I. ~54) "Hl..JD~~;r 1'1 UT 1 
UI\I CODI:::." CHF(:~:: ( :I. 7 ) 
.:::;(1) ~;'r( I 1\1 r "T'H:I. b 1:::'1::(0t-31::«('·)1"1 W 11 .... 1... E:NCUDE (..~I\ID D 
ECUDE" II 

4(1.) j:::Of( I I\lT "E.:J\I TE.H eClDE. I\IUI<IHER" C 1 .. ·1 Ra,: ( :17 ) 
~"j (1.) I 1\1 F' UT " 1\1 U IVIE! E:F( :,;~~T U ~:.") H "~C : F:' F< I I\IT 
6(1.) IF e<>INT te) Uf( C~2 OR C)58 THEN Pf(IN 
''1' II "j'HY (':~C:)('~:I. N" I': [·)UTU ~.:.:jQ) 

70 F'r( I ""r liDO YUU W(.·iN"I'IU I:::.NCUD~::: (E) Uf:( D 
ECelDE (D) (..~ IvIE~::;~::)("~UJ::::?" CI"'IFU~ ( 1. '7 ) 
l::j(l) J: NPUT "E C:)f:( D ": (..~:~,::: F'F( I NT' 
9(1) I F (.:~:~;:< >" E" f·~ND ~H:<'>" D" 'fHEN PI;( 1 N'r "v.H .. 1 
I CH"?" : [lOrD H(I) 
:I. (1)0 D":: 1 : I :::::r:;: E!:$:::::: II DE II : I f::' ('·~::I':::::: II E: II 'I" 1 .. ·11:::: N D:::::C II 1-:':! 
:~,::::::" 1:::1\1" ~ C;O"l'U j ::::;(1.) 
110 C=C+I:D=D+l:IF C-59*INT(C/59)<'>1 THE 
1\1 :1. :1. Q) 

12(1) REM D IH MULTIPLE REQUIHED FUR ENeelD 
11'-.1(::') I DECO!) I 1\lc:I 
1. :::!; (I) F:' F( I 1\1"1" II 'T Y F' F Y U U f:( Ivl E::: ~:; ~::) ("1 (3 Ii::: ..... U f:·'r D :2 ~.:,:j ~,,,j 
CH(..iFa,K;TEJ~~::)L.ClNG,," CHf:<:j'· ( :I. 7) 

11.1·0 Jvl:~;:'.:::"": N:;~::::::"" : 1...,.:::(1) 
1 ~::,:j 0 C; Ii: T [; ';~: = I F (y.; :~;: ,,,," "T I"Hi::!\! 1 :'.'.'j 0 
160 REM MESSAGE IS ENTERED CHARACTER BY 
C 1",1 p, I:~ {.~ C T' E::: F:~ 

:I. 10 r:')::::'{'~~3C (G:$: ) 
180 IF U)3:1. AND 8<91 THEN M$~M$+8S=PRINT 

C):ij,: ~ : 1...,':::'1...+ j 
19(1) IF U=2(1) AND L>0 THEN PHINT GS~~LmL-:I. 

: Ivl:*:"'::L"EFT~~: (Ivl::~: " 1...,) 

200 IF G(>13 AND L<255 THEN 15(1) 
:,;:~:I. (l) F'H 11\1T " " 
220 REM ENCODING/DECODING MESSAGE 
:?::::;(I) F:'or< I::::: 1 TO L. 
240 N=ASC(MIDS(MS"I,1»-31nN=D*N 
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250 N$=NS+CHRS(31+N-59*INT(N/59» 
:~:~b0 NE Xl' 
:2'7(2) F'F< I 1\1'1": F'n I N'r "'TI"·IF.::: " B:$: "CODED IvIEE:;~::;{'1U[ 

I H:" CI"iF\::*: ( .1. ]) : PF< I NT 1\1$ 
2!::l0 PF< I NT: F'F~ 11\1''1'' CHF~:*: ( :L ~:54) • "('~No"rHEF:< GO? Y 

Of;: 1\1" 
2<:/0 DE:::T' C::,:$:: IF' (3:$:<:>" Y" AND (3:$:<:> /I N" THEI\I :;:~ 
90 
::::;0(2) IF' [;):$,:::::" Y "'I"HEN F:nJI\I 
::::'1. (2) I:::'F< I NT CHfU~ ( .1. "I·]) "BYE f::OH I\lOW": !::::ND 

Despite all our efforts the code is easy (for experts) to break or 
liecrypt. The problem with a substitution code is that each character is 
invariably represented by some other fixed character. Certain English 
letters and pairs of letters occur much more frequently than others. For 
instance in normal English text, the letter E occurs about 13070 of the 
time, the letter T occurs about 9070, the letter P about 2070 and Q about 
0.2070. Armed with such information it is possible to decrypt a 
substitution code. The number of different substitution codes possible 
using the 59 characters (ASCII codes 31 to 90) is about 1.4 * 1080. 
Nevertheless substitution codes can be decrypted. This illustrates how 
deceptive the appearance of large numbers of choices can be. 

The next section introduces codes which do not always use the same 
character for a given character. 

Matrix codes 

We can use matrices to cipher messages. We illustrate the method with an 
example. Suppose that we want to encode the message PLEASE COME 
QUICKLY. First we rearrange the message into two rows as below: 

PES OEQI KY 
LAECM UCL. 

Next, create a two row matrix from these rows by converting the letters 
into their ASCII codes less 31. 
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Now premultiply the matrix with the following matrix. 

[ 2 -1 ] 
-5 3 

The result is: 

[ -~ -~J * [49 38 52 1 48 38 50 42 44 58l 
45 34 38 36 46 54 36 45 15 J 

[ 53 42 66 -34 50 75 46 48 43 101] - -110 - 88 -146 103 - 102 - 187 - 88 -102 -85 -245 

Now convert the numbers in the matrix so that they are between 0 and 
58. This is achieved by adding or subtracting multiples of 59 to the 
numbers in the following way: 

N = N - 59*INT(N/59) 

The resulting matrix is shown below. 

53 42 7 25 50 16 46 48 43 42 ] 
8 30 31 44 16 49 30 16 33 50 

Finally we add 31 to these numbers and look up the corresponding 
characters by asking for PRINT CHR$(X). The result is shown below. 

T I & 8 Q I 
= > KIP 

The final coded message is 

M 0 J I 
= I @ Q 

T'I =&> 8KQIIPM = OIJ@IQ 

Notice that the letter E appears three times in the original message. 
These three Es have been encoded to I, > and /. Thus this cipher is more 
subtle than the straight substitution code. 

A code is no good unless we can decipher messages. The trick now is to 
reverse the process. At first sight this may look difficult, but we use some 
mathematics to help us. 

Let's decipher the following message. 

1= M?"S?$:8M@> '< M 

First we write the coded message in two rows. 

1M"? M>< 
?S$8@' M 
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Next, calculate the ASCII codes less 31 to produce a matrix. 

[~~ ;~ 5; 3; ;; ;~ 3! ;: J 
Now pre multiply by the following matrix. 

Notice that this matrix is not the same as the one used for encod­
ing. However, notice that the decoding matrix is the inverse of the 
encoding matrix as the following calculation shows. 

[ 3*2 + 1* - 5 
5*2 + 2* - 5 

* [ 2 -IJ -5 3 

3* -1 + 1 *3J 
5* -1 + 2*3 

Let's mUltiply our decoding matrix by the coded message matrix. 

l53 : J 'l:: :: 5: 3: :: : 3: :: J 
= [156 170 61 101 106 171 101 133J 

270 294 119 170 185 296 171 237 

Next, add (or subtract) multiples of 59 to make the numbers 
between 0 and 58. 

[ 38 52 2 42 47 53 42 15J 
34 58 1 52 8 1 53 1 

Now add 31 to these numbers and look up the corresponding 
characters. 

E S 
A Y 

I N T 
S T 

We thus end up with the message EASY! ISN'T IT. 
The next program uses such matrices to code and/or decode 

messages. 
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10 REM MATRIX CIPHER 
:::::0 F'F~ I 1\1"1" CHI::(*: ( .1. 47) "CI"'lfH: ( 1. ~:,:;4) " 
C I F'1"'IE:f~ II CI"'IH:~> ( :I. 7) 
::!: 0 I::) F< I 1\1 T " T 1,,,1 I El F' F:( CJ (:'H:( (.,WI W I 1.." 1.." E: 1\1 C D D E: (..~ I\ID D 
E:::CUDJ::':. " 
40 S=2:FDH 1=1 TU S:FOR J=l TO S~READ A( 
I" ,:1) : 1\IF.:~xr: NEXT 
~::i 0 F' F( I I\rr " D U V D U W (..~ l\iTT U I:::: 1\1 C U DE::: ( E::: ) (m D 
ECUDE (D) ('l l"'IE!:3!:3('·~GE? II CI"'II~(:ji: ( :I "7) 
60 1 NPUT "E (m D "~r.U:: F'F( 11\1"1" 
70 1 F (..~:ij,:<:>" E" (.·iI\lD (H,:<)" D" "I'HE:N PF~ II\1T "WH 
I CH"? II = (3UTU 60 
H(i:) B:*:::::: II E:I\III 
90 IF:' (,,'1:$:::::: II D II 'THE:I\I El:,li:"::: II DE II :: 1:::'01::( 1m:: :l.fU !::) n F:' 
UH J=1 TO S:READ A(I.J)tlNEXT:I\IEXT 
:I. 00 F' F( :r 1\1'1' II "I Y F' E Y U U H 1"1 E:!3!3 t-i (3 E "". U PT 0 ::::: ~,:,:i ~:.::; 

CI"·I('·)F((.·iCT'EHHLOI\lG" " CI"'IF(',~,: ( 1.7) 
:[ :I. 0 Ivl:~,::"''''': 1...:::::(;:) 

:I. :20 E,) E T E) :*:: I F [-;) :~i: I:::: "" "11,,-11:::: N 1. ::;:~ 0 
:I.::~ l;l) (3 ::::: (..~ !::) C ( c; :~i: ) 
14(1.) IF 8)3:1. AND 8<91 fHEN M$=M$+G$:PRINT 

U:t,:: = 1.." ,,:: 1.." '-t-' 1 
150 IF G=20 AI\ID 1...)0 THEN PHINT U$::L..=L..-l 
: Ivl :$: "" 1.. .. E r::' T :~;: (Ivl :!,; , I.". ) 
:1.60 IF U<)13 AND 1...<255 THEN 120 
1. '7 0 F'I:~ I N'T II II: Ivl"''' I 1\1 T (I.".I!::; +- 0 " 9) : D I 1'1 B ( B , IVI' , 
C(!:;"lvl) 
180 REM ENCDDING/DECODING MESSAGE 
190 FDH I~l TO S:FOR J=l TO M 
:,? 0 (I.) 1< ::::: t:;) .M- ,:1 "". I .... , !::l 
210 IF k<=L.. THEN N=ASCCMID$(M$.K.l')-31: 
B(I,J)-N-59*INT(N/59) 
:2:20 !\IE X T r. !\IE X "I' 
230 FUH 1=2 TU 8:IF B(I.M'<:I. THEN B(I.M) 
"" 1. 
:21.1·0 hiE:: X T 
250 FOH 1=1 TO S~FOR J=l TO M 
260 FOH K~l TO 8:C(I.J)=CCI.J)+A(I.K)*B( 
~:: • ,.I ) ~ 1\1 EXT 
270 C(I.J)=C(I.J)-59*II\IT(C(I.J).l59) 
::?!30 NEX'T:NEXT 
290 F' f( INr ~ F' F( :r 1\1 T "'I" 1 .. ·1 J:::: " B :*: "C Cl D E:I) IVI E: !::l l::) (.~ C·) E 

I ~::):" CHF~:*, ( :I. '7 ) 
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300 FOR J=1 TO M:FOR 1=1 TO S 
310 PRINT CHRSC31+CCI.J»; 
320 NEXT:NEXT:PRINT 
~:;30 PF~ I NT : Pf~ I NT CHf~*: C 1 ::A) • "','N(nHEF~ GO'? 'y 

OF~ N" 
340 GET [:l:i: IF G:*:<:;:''' Y" ~,'ND G:*:(:> "I''"''' fHEI\1 ::::; 
40 
:3:i0 l: F 1:3:$:::::" y "rHEN nUN 
:;~60 PR I NT CHF~:*: ( 14'7) II BVE: Ft:m NDW II: E:I\IO 
400 DATA 2~-1.-5.3 
410 D'~TA :~;.1.~:;.::;:: 

F~E'~DY • 

For this cipher we used a two by two matrix to encode and the 
inverse of that matrix to decode. In general we can use any matrix 
and its inverse as long as both matrices have only integers as their 
entries. Here is another matrix that you could use for encoding. 

The corresponding decoding matrix is given next. 

[~ ~J 
This method of coding could be made more subtle by using 3 by 3 

matrices. The message would need to be written out in three rows 
and the procedure outlined earlier on followed. Here are two 
matrices that could be used as encoders and decoders. 

The next program uses these matrices to code and/or decode 
messages. You could insert your own matrices if you wish, but 
make sure that they are inverse to each other and that all entries are 
integral. 

10 REM MATRIX 3 CIPHER 
20 PRINT CHR.(147) .CHR'(154) 
C 1 PHEF~" CHR:$: C 1 '7 ) 
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·::::0 F'I::~ J I\IT "TH I h 1:::'f:~U(o)F\nl"l W J 1..1... 1:::I\lCUDE (..)1\11) U 
F:C;(Jf)!:::. II Il 

40 h=3~FUR 1=1 TO h~FOR J=l TO S:READ A( 
I 'I ,:/ ) n "'E. Xl ~ I\IE: X '1 
::.:;0 F'FI J: I\IT "DU YUU wn"'l TO I:::."'CUDE (f:::) UH D 
E:,CUDI:::, ( D) (.,~ i"lf::~:3b(..~(::J[::';'" CI"HU: ( :I. 7 ) 
c:)0 INPUT "E un D "II (..~:'I; ~ F'~:< J NT 
70 J r: f..i:'W.::)" E" (~I\ID (.~$:::''::'' D "'1'1",1[:1\1 F'I:~ 1 I\IT "WH 
I CH":,\" ~ GU I'U 60 
80 El:$:::r.:" EN" 
90 I F i'~~~;::::::" D" T HI:::: 1\1 Eqi::::::" DE " :: F::CH·\ :1:::::: :1, TO b:: I::: 
OR J=l TO 8~READ A(I,J):NEXT:NEXT 
I. 00 F'H.r 1\1 r "TYPE YOUH l"IEbb(~(:::;E: "". UI:::' l U ::;:~~:,:,:.i~:,:; 

CH('~F\('·iCTE::F\HI....ONC-:·)." CHH:*: ( 17) 
:I. 1 0 I'll :11,:::::: " " r. L. ,,,: 0 
1 ::::~ 0 GE T (3 :$: : I F (3:;j;::::::" "T I· .. IE N :I. :,;:~ 0 
1.;!;0 G:::::("~HC (H:~1: ) 

140 IF 8)31 AND 8::.91 THE'" M$=M$+G$nPRINT 
G:$:; : 1.. .. :::::\",.+1. 

150 IF G=20 AND L)0 THEN PHINT 8$::1...=1...-1 
~ I~H: ::::: 1.. .. E:]:: T :*: (1"1:* , 1.. .. ) 

160 IF (3.::)13 AND 1...<255 THEN 120 
170 PH 11\11 " ":lvl:::::INr(L./H+(f.J.9) :Ollvl El(H,IVI), 
C(H"IVI) 
180 HEM ENCODING/DECODING MESHAGE 
190 FOH 1=1 TO H:FOH J=1 TO M 
::? 0 0 1< ::::: ~::; ,IE ,:I +. T'" U 
2:1.0 IF K~=I... THEN N=AHC(MID$(Mt.K.l) )-31: 
8(I,J)=N-59*IN1(N/59) 
:,t/0 N E Xl : I\!E:: Xl' 
130 FOH 1=2 TO U:IF 8CI.M)::'1 THEN 8CI.M) 
::::: 1 

250 FOR 1=1 TO H:FOR J=lro M 
260 FOR K=l TO 8:C(I,J)=C(1.J)+A(I,K)*8( 
~::,,, ,J) : I\IEX'T 
270 C(I,J)=C(I,J)-59*INT(C(I.J)/59) 
:2f.3t2l NE:X T: I\lE:X T 
:290 F'H I I\I'T ~ F'I::( 11\1'1 "THI:::: " B:r "CODED IvIEHE:;(·~(3E: 

I H =" CHF(::j;: ( :I. 1 ) 
300 FOR J=l 'TO MnFOH 1=1 TO S 
310 PRINT CHRS(31+C(I.J»): 
320 NEXTnNEXT:PRINT 
:~:;:St2) F:'F~:r. NT: F'r~ I NT CHr~:f.: ( 1 ~;:.:j.(.I·) , "('~I\ICrrHEJ\ FiO? Y 
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[)f:\ 1\1" 
::::; 4 0 (3 f.:::r C·;) :~:;: J F C:) :*; <: :> " Y" (~hl D C;) :~;; <: ::: " 1\1"1" 1 .. ·1 E 1\1 :::!; 
40 
::!;~:.)(1.) IF' (3:~;::::::" Y "T'HEI\I 1;~l..JN 

:~:;~;)0 F'I~ I NT CHI~:~;: ( 1 '0 ) "BYE FClF:~ NOW" = E:I\IL> 
40(1.) DATA 1.(1.),-1.2,1.3.4,2.5 
41(1.) DATA 1.2,-1.-2.-9.5,0.2.-1 

Public-key codes 
The codes described in the previous section have a defect. Once you 
know how to encode a message you also know how to decode it. 
Public-key cryptosystems are different. They come in two parts: 
the encoding key, which is made public, enabling anyone to encode 
messages; and the decoding key, which is kept secret, enabling only 
the originator of the code to decode messages. 

We now describe a public-key system. First find two very large 
prime numbers P and Q, each should have about 50 decimal digits 
making this proposition impractical for your Commodore 64. Let 
N be the product of P and Q. Now choose an integer A which is less 
than N and has no factor common with (P - l)*(Q -1). You may 
now publicly announce the numbers Nand A. 

How is a message encoded with the numbers N and A? This is 
performed as follows. 

1. Translate the message into numbers (space = 01, A = 34, etc.); 
the message is then one large number. 

2. Take the message in number form and break it up into blocks of 
a convenient size. 

3. Encode each block B as follows: 

C = BiA - N*INT«BiA)lN) 

the number B is raised to the power A and mUltiples of N are 
removed to make the resulting number between 0 and N. 

How is the resulting message decoded? Since the greatest 
common divisor of A and (P - 1)*(Q - 1) is 1 we can find two 
numbers X and Y so that A *X + (P - l)*(Q - 1)*Y = 1. Using X 
we can decode the message as follows. 

1. Break the coded message into blocks. 
2. For each block C perform the following calculation: 

qx - N*INT«qX)/N). 
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3. loin the resulting blocks back again and decode numbers back 
to characters. 

The process works because 

(BiA)iX = Bj(A *X) 

= Bj(l- (P - l)*(Q - I)*Y) 
= B + multiples of N. 

The last statement follows from a theorem proved by the mathema­
tician Fermat. 

Why is the code difficult to break? Notice that to decode the 
message we need to know the value of X. This can be calculated 
from the value of (P - I)*(Q - I). In order to know (P - I)*(Q - I) 
we need to know P and Q. Publicly only A and N have been 
announced. In theory, once we know N we can factorise it to find P 
and Q. However N is about 100 decimal digits long and factori­
sation of such numbers takes an enormous amount of computer 
time to perform (several millions of years). It is on this basis that 
the cipher is safe. 

All that remains for you to produce a very secure code is to write 
a program for your Commodore 64 which is capable of handling 
very long numbers precisely. See the chapter entitled Odds and 
Ends. 
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Random! 

Heads and tails 
When a coin is tossed it is equally likely that the 'head' or 'tail' shows, at 
least if the coin is a fair coin. Your Commodore 64 can simulate the 
tossing of a coin by using the inbuilt RND function. 

For any positive number X, RND(X) returns a (pseudo) random 
number in the range from 0 up to 1 (but not including 1). If you switch 
on your Commodore 64 and type the following: 

FOR 1=1 TO 5:PRINT RND(1):NEXT I 

you will get the following sequence of numbers: 

.185564016 

.0468986348 

.827743801 

.554749226 

.897233831 

If you switch your 64 off and then on again (not recommended) and 
repeat the instruction 

FOR 1=1 TO 5:PRINT RND(I):NEXT I 

you will get the same sequence of numbers. To overcome this it is usual 
to start any program involving random numbers with a line like 

Y = RND( -TI) 

which has the effect of starting a new sequence of random numbers. In 
general, if X is negative then RND(X) starts a new sequence of random 
numbers. If X is 0 then the resulting number is the same as the last one. 

The following short program simulates the tossing of a fair coin. A list 
is printed out showing whether a head (H) or tail (T) appears. 100 such 
letters are printed and a count of the number of heads and tails is 
displayed. 

10 REM HEADS AND fAILS 
.·2((,') r:'F( II\j·r CHF:< :~;: ( :I ":1· 7) .. II 1··11:::. nD~::) ()NDT (i .I L.U II CHF( 
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;$: (l n 
:::(1.) F::'F:~ 11\IT "TI'''I I b F'Hc)C:H~('·WI ~::; I IvIUI.. .. (.yrEHTI-H:::r DEl 
~::; I 1\1[;) UF (,."1 F' (..) 1: F~ CU I 1\1 :I. (1.)(1.)T I l'1Eb" " CI"'IF~ ~;: ( :I. 7 ) 
'+Ill F'H I NT'. " F'F<E~':;~::; Y": 1<:::::(1.) 
~.::)(1.) [')E:"r C,':j;: = 1 F [H:<:>" Y" THEI\I ~::.:jel 

f.:)(1.) y :::::f~I\ID ( ..... T' I ) 
7(1.) K=K+lnJ=(1.)~PRINT.CHR$(145) CHH$(158) 

HUI\I 1\1l..JI"IBE]~ II bTH:t,: (1<) " " CHfH: ( :I. '7) 
8el FUR 1=:1. TO l(l.)(I.) 

" 

\:{ (1.) f'~ :~::::m " H " : 1 F f:~I\1 D ( :I. ) :> :::::(1.). ~:.':) 'r I .. ·j I:::: 1\1 (.·i:$: m:: "'I" " : ,.I ::::: ,:I 
+:1. 
:I. (1.)V,) F'F< I I\IT (..~:$: r. 

.1. .I. (1.) NI:::XT 
:1. :,? (I.) I:::' F~ I NT' = F' F:~ I 1\1 T = F' I:~ I I\lT " 1\1 U I"m E: r~ U F 1-,1 EJ)D ~::; II r. 

1 (1.)(1.) ..... ,:1; "r(.·~ 1 L..U" ~ J 
:1. ,::::(1.) F'F:(:J: I\IT = PH 11\11' CHfU: ( 1. ~,:,:il.l,) " "('·)I\IOT'HEJ< (:;JO',? Y 

em 1\1" 
11.1·(1.) UE:T c:;:~;: : IF' (3:¥<:>" Y" ('·:,I\ID C:'):$:<;:'" 1\I"TI"'IEhl :I. 
4(1.) 
1. ~5(1.) IF (3:$:":: " Y II THE:N 6(1.) 
:I. b(l.) f::'F:< II\IT' CI .. ·lf\:*: ( 11.1·'7) "BYE: FOri NUW" ::E:I\IO 

Change line 60 to the following line. 

60 Y = RND( - 1) 

You should now notice that the same sequence of heads and tails appears 
every time the program is run. That's why we use 

60 Y = RND( -TI) 

to randomise the sequence of random numbers. 

Of dice and men 
If a fair six-sided die is thrown then one of the six numbers 1,2,3,4,5 and 6 
will appear, none more likely than another. Once again, the Commodore 
64 may be used to simulate dice throwing. The next progratn illustrates the 
result of rolling a die one hundred and twenty times. A count of each 
number thrown is printed at the end. 

1(1.) REM DIE ROLLING 
:2(1.) F'HINT' CHr~:*: (:1.4'7) ,," DIE: nUl...l.. .. ll\IG" CHr~:~:: ( 
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J.7) 
::::(2) F'F( I I\IT "T H J: E) F:'nCJ('F:;:(.~M ~::) I IvIUI....(.~T E ~::)Tr·IE: Pell.. .. 
1.. .. 11\1(3 DF f.) r:·('·~IH J)II::~ l~::~(2)'I"II'1E.b." CHF~:~,:(17) 

4(7.) PI::\ I 1\1'1" " " F'F:~E~:3!::; Y" ~ 1<:::::(1.) 
~:.') (2) (3 F: l C; :$:: I F (3 :*: <. :> " Y" "j' H f.:~ N ~.:.:j (2) 
6(2) Y:::::HI\ID ( ..... r I) 

7(2) K-K+l:FDH I~l TD 6nA(I)~(2)~NEXT 

t3(2) F' F\ I 1\1 T " C 1"1 H :*: ( 1 "" ~::j ) C HF:<:,I,: ( J. ~:5 ~::l ) " HUN I\IUI"IBE 
F(" HTF(:¥ (1<) " " CHf\:*: ( :I. 7 ) 
(:9(7.) FOH I:m: 1 TT) :1.(2)(2) 
1(7.)(2) L=II\IT(HI\ID(1)*6)+1:PRINT 8TH$(L): :A(L 
) '-',,{) ( 1.... ) + J. 
:1.1(2) I\IEXT 
1:;;:~(2) F'HII\IT: F'RIN'I": F'UI::( 1:::::1 TO 6: F'I::(INT "/\ILllvlr:t 
E:F, UI:::" ~ !:;ll::<:~i: ( I ) = ... H ::::: ,. = ("l ( I ) = NE X T 
1.::!:(2) F'f:( I I\IT': F'F~ I hiT C~"I1::(:~i: ( :[ ~:"j4) " "('·~NClTHE:F~ CH::J'? Y 

en:;: 1\1" 
14(2) GET (3:i;:: :u:: (3:~;:< )"Y" ('~I\ID (0):$:< >"1\1" TI .. H:::I\I :I. 
1.1·(7.) 
1 ~::;(2) J: F (::.) :~;: ",:: ., Y "'1" 1 .. ·1 E.I\I 6(2) 
:I. 6(7.) PI:, I 1\1'1 CHF:(:~;: ( :I. 1.1· 7) II B YI:::: FUF:< NOW II : E.I\ID 

Another version of the program appears next. This one includes a 
display of the face of the die. The design for the faces is contained in the 
array D$(I,J). 

1(7.) HEM PICTUHE DIE 
:;:~(2) F::'I==< 11\1'1" CHFH: ( :I. 4·7) " "D I E f:WL .. I.. .. 1 N(:·) W IfH D I b 
F'l.JW " C ~"II::< :~i: ( :1. 7 ) 
:::::(2) F'F< I I\IT 11''1''1'''1 I f::; PF<UCH:«(.·ll"l ~::;:r IvIUI....f.YTE:SrHE /=:< U 1.... 

1.. .. I 1\1 G m:: (.:1 I:::' (.~ I F~ D I I:::." C "-11::( :$: ( :I. '7 ) 
4(2) FUR 1=(2) TO 6:FUH J.(2) TU 6:HEAD A~A$(I 
)~A$(I)+CHR$(A)~/\IEXT:NEXT 

5(2) FOH 1=1 TO 6:FUn J-(2) TO 6:HEAD A:D$(I 
.J)-AS(A) :NEXT:NEXl 
6 (2) P F( I I\IT • " F' m::: ~::; ~:3 Y II : 1< ::::: (2) 
7(2) (:lET 13:$:: I f: G:~;:<:>" Y" THEN 7(7.) 
B(2) Y:::::F(I\I[) (-_.''1'' I) 
':i>(2) K:::.f::.+ :I. : F'H I Nr '. CHR:$: ( :I. '~.~.','j) CI .. m:~': ( :I. ~::iEi) II 1::( 
01.. .. 1.... I\lUI"IBEF( 1/ ~:n H:*: (h:) 1/ II CHF:(:$: ( :I '7 ) 
1(2)(2) L-I/\IT(HNJ)(1)*6)+1:A(L)-A(L)+1 
11(2) FOR J-(2) TU '7:PHII\IT TAB(16) D$(L.J):N 
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EXT 
I. :;::(i.') I:::'h: J 1\1 T:: F'F\ I 1\1 r ~ F>h I 1\11 "LUUI"IT":::: FUH ,[ ::::: I. l 
U .:::;: r:' F\ II\1T H 'l F< ::f.: ( I ) ~ , I 'H ::::: " n n ( 1 ) n n 1\1 E: X T 
IS(/.) F'H I I\IT n F'I::\ I I\IT " " :: :: F::UF:, 1:::::4 TUb:: F'h 
II\1T HlF<:,I,: ( :( ) : " 'H ,,::": (.,~ ( 1 ) :; : I\IE Xl : I:'>h 11\11 
1 1.1· (i~ F' H I: 1\1 T : F:' F< I 1\1 r :: F' H II\1T:: I::' 1::( I: 1\1 T C 1· .. 1 h ::~, ( J :::! 4) " " n 
I\IUl HE.h: UU? Y UH 1\1" 
:I. ::.:) 0 C') f.:::l C·) :~:.: I: F (.) :~,: <> " y " (.~ 1\1 D U ::1:,": .:," 1\1" l 1· .. 1 [: 1\1 J 
~::S0 

:I. 6 (lJ J I::: ['):1:: ::::: " Y " T I· .. IF: 1\1 U (/.) 
110 PH I 1\ll CI"'IR~;: ( 147) "bYI:::. F:UH I\IUW": I:::.I\ID 
200 HEM DATA FUH DEHIGI\I 
210 DATA 207.183.183.183.183.183.208 
.? :2 0 D (..~ r r.:~ 1 8 0 ,,::!;:2 .::;;,;;-: .::;; :,;:: , :::!;:::': ,,::!;,;;: • :I. ! (!'J 

230 DATA 180.113.32.32.32.32.170 
240 DATA 180.32.32.113.32.32.1!0 
250 DATn 180,32.32.32.32.113.1J0 
260 DATA 180.113.32.32.32,,113.1!0 
270 DA1A 204.175.175.175.175.175.186 
::!; 00 n E Ivl D{~T r.:~ I::: UF\ E ()C 1'''1 0 IFF I~C E: 
S10 DI:~T('·\ v.). 1, I. ":::" 1.:1., b 
320 DATA 0.4.1.1.1,2.b 
330 DATA 0.4,1,3.1.2.6 
S40 DATA 0.5.1.1,1.5,,6 
350 DATA 0.5,1.3.1,5.6 
360 DATA 0,5.1,5.1.5.6 

Rolling two dice simultaneously can be simulated just as easily. The 
possible score on each roll is one of the numbers from 2 to 12. As you are no 
doubt aware, some scores are more likely to occur than others. This fact 
should become apparent with either of the next two programs. If two dice 
are rolled several times then the expected proportion of time (or 
probability) that each score occurs is given in the next table. 

Score Probability 
2 1136 
3 2/36 
4 3/36 
5 4/36 
6 5/36 
7 6/36 
8 5/36 
9 4/36 
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10 3/36 
11 2/36 
12 1136 

J 0 HI::::I'I T WU D J CE: 
::::(1.) F'R I I\IT CI·"ln:'I:, ( J ii, 7) • II T lAIC) D I CI::; HUL,I" .. I hlei" 
CHHl(17) 

:: 0 I:::' H 11\1 r "r 1,,1 J ~::; F' h 0 (,3 H Pd'i b I I'll U LJ~ r E ~::;T 1",1 t;:: H U L. 
L. I 1\1 C,) UF fWD F: ('~:I. H D I CI::::" " CI",IH':j;: ( :I. 7 ) 
4(1.) F'n I 1\1 T " " F'F(E:bH Y" ~ 1,:·,:::::1/) 
~:s (;1 C) E. T C) :$,:: I. F (3 :,j!: <,> " y " 11"'11:;:, 1\1 ~::) (l.) 

b(/.) Y:::::HI\ID (" f I) 
7 (1.) 1< ::::: I:, +. :I. ~ F' h J I\IT 'I c:; '·1 F\ l' ( 1 ii, ~::;) ) C 1"'11::( :il:' ( J :5 H ) " 
F<UI\I I\ILJI'1DEJ<" ~;:;rH:~i: (I,)" "CI"'IH:$, ( l?) 
U(1.) 1:::'Uf:~ I::::: :lTU 6(/.) 
9(/.) L=II\IT(RND(1)*6)+1~M-II\IT(RND(1)*6)+1=A 
( L, +, IVI·", :,;:: > ::::: (.,~ (I.". + I'll ". :,;::) + :L 

1 (/.)(1.) F'I:< I 1\1 r C 1"IH:;li, ( 1 ~:;;I.I) ~ ",~~", :: CI"'If(:,j:: ( J ::,:,:;~::l) = L" ~ Ivi ~ 
11(/.) I\IE,XI 
:I, :?(1.) j;'F:( 1 NT: F'H J: I\IT "U['LlI::,E CC)("jj\II" 
130 FUR 1-0 TO J(/.) 
.I. 4 v.) F' H I 1\1 T ~::;r 1::( :~i; ( I ,oj. :,;;:) ~ " . b ::::: II : (..,\ ( I ) ~ :: J F; J ::::: ";;: 
OR I~5 OR 1=8 THEI\I PHIl\Il 
J. ;,:,')(1.) M:Xf 
:I. b (/.) F'I:::·: I I\IT :: F' jill I I\IT :: F' H I hlf :: F' f( J 1\1 r C 1",1 h :ili. ( J ::.::j 1.1·) " " 
c: UI\IT J hlUI:;:: '? Y DFi 1\1" 
:I. 7 (/.) [) ET c::) + :: IF' (;.3 Ii:: :> " Y" f.~ 1\1 D [) :il,;:: '>" 1\1 "T"'I F: 1\1 1. 
It.<) 
:I U(/.) IF [)::!::::::: " 'y " 1"1,,·11::::1\1 b(/.) 

:l cy(/.) I~;'H Il\1r CI"IH:$: ( 147) " D vE FUI:~ I\IUW " ~ E:I\ID 

J(/.) HEM PICTUHE TWO DICE 
:;?0 F'Jii< 1 1\1"1' C 1,,,1 F:d: ( 147) "TWO DICE: I~UL"L.I N 
(:;) W 1:'1'1,,,1 D:I: ~3F'I..JW" CI"Hdi: ( .l.l) 
,:'!, (/.) F' H 11\1 "I "T 1,,11 b F' F~ CJ (31:\ (.,~ Ivl b I ivl U 1.." (\ T E. b'I'I"'1 t::, 1':( U L 
l." I 1\1(.'0) OF IWU F (.~ I F( DICE:,," CI"'IR:~,: ( 1 7 ) 
40 FOR 1=0 TO 6:FOR J-(/.) TO 6:HEAD A:A$(1 
)=A$(r)+CHR$(A)~I\IEXT~I\IEXT 

5(1.) FOH 1-1 10 6~FOH J-(/.) lLl 6=READ A:D$(l 
.J)-A+(A>~I\IEXT=I\IEXr 

b0 FIJI;: I 1\ll " " jiii'jii(E:E:;i::; Y" = 1<.:o::(lJ 
70 C)E::r (3:'1,: = J: I::: c:,):~;:<:>" Y" THEI\I? ({) 
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E~(2) Y""F,I\ID ( "., "I" I ) 
9(2) I<::"~:::+'l = F:'R I 1\lT' "CHF,:*: ( :1,4:,':;) CHF<:*: ( :l :.'.'iB) " F:~ 

Dl",l.., I\Il"JI'1I)EF~" l:)'rF~:*: (1<)" "CI .. -II::;::*: ( 1. "J ) 
1Q)0 L~INr(RND(1)*6)+1:M~INT(RND(1)*6)+I: 
A(L+M-2)~A(L+M-2)+1 

11(2) FOR J~0 TO 7cPRINT TAB(lQ) D$(L.J) S 
PC ( 6) D:$: ( 1'1 • J ) = I\lE X T 
:L ~:!(2) F'F\ I NT' = PF( I NT' "!~;CClF:(E: CUUI\I"I"" 
130 FOR I~(2) TU 10 
140 1:::'F(:r N'r s"n::(:*: ( :[ +2) = " '~::; ,,::" n (.:~ ( I ) :: : I Flo,.:::;, 
OR I~7 THEN PRINT 
:l ~.'j(2) NEX T 
16(1.) I:::'F\ I N'T':: I:::'F:~ I N"r: PI::;: I 1\1'1": PF~ I N'r C~"IR~~: ( :L ;54) • "~,~ 
NO "I" HEJ, DO',? Y ClH N" 
1 70 GE:T' (3:*;: I I:::' G:*:( >" Y" ('~ND G:~;:<:> "hi" 'TI .. ·IEN :I. 
70 
11::1(1.) IF (3:*:""''' Y" T'I-"IEN 1::IQ) 
19(1.) PFi I 1\1"1" CHR:*: ( 147) "ElYE Fcm I\IDW": I::::I\!D 
2(1.)0 REM DATA FOR DESIGN 
21(2) DATA 207.1B3.1B3.183.1B3,lB3.2(2)8 
220 DATA 18(2).32,32.32.32.32.170 
23(2) DATA 180,113,32.32,32.32.170 
24(2) DATA 18(1.).32.32.113,32.32.170 
250 DATA 180,32.32.32.32.113.170 
260 DATA 1B0.113.32.32.32.113.17(2) 
270 DATA 204.175,175.175.175.175.186 
300 REM DATA FOR EACH DIE FACE 
31(2) DATA (2).1.1.3.1.1.6 
32(2) DATA 0,4.1,1.1.2.6 
330 DATA 0.4.1.3.1.2.6 
340 DATA 0.5.1.1.1.5.6 
350 DATA (2).5.1.3.1.5.6 
36(1.) DATA (1.),5.1.5.1,5.6 

HE:(.·U)Y. 

Playing cards 
A regular pack of playing cards has 52 cards. In a well shuffled pack any 
one of the 52 cards is likely to appear at the top. The next program, 
Cards, illustrates how the Commodore 64 can simulate picking a card 
from a well shuffled pack of playing cards. On each new selection it is 
assumed that the previously selected card is replaced and the cards are well 
shuffled again. 
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I. III F~ I:::: 1"'1 C (.~ 1':( D ~::; 
20 POKE 5328:1..15~PRINT CHR$(:l.47) ,CHR$(31 
) " C('1F~DD I, CHH:,~: ( :1.7) 
.::!;(I.) F'Fi I 1\lT' "TH I b F:'F:<(J(31::~('~lvl ~3 I 1 ... IUI.. .. f·~rE:H THE DF<n 
WING OF" 
1.1·(1.) F'H I 1\1 r "{) Cf·~HD FnUlvl (..) WEI .. 1.... UI-.. IUFT:l...EJ) 1:::'(.,) 

Clo::.." CI"'IF~:*: ( :I. 7 ) 
50 DIM A$(:l.2):FUn 1-(1.) TO :l.2~nEAD A$(I):N 
E:XT 
6(1.) FOH 1-(1.) TO 3~HEAD A=8$(I)=CHR$(n)~NEX 
T 
7(1.) FOR 1=(1.) TO 3:READ A:C$(I)=CHR$(A)~NEX 
T 
El(l.) F'I::< I I\IT' • " PHE:~:;U Y": 1<:::::(1.) 

9(1.) (3/::::r G:~,:: II::: C0:~,:<:> " Y "THEI\I <:re! 
1 (1.)(1.) Y:::::RI\iI) ( ..... '1" I ) 
:I. :I. (I.) 1<::::1,:::+ :1. : PI::< II\IT "CI .. ·II::;::*: ( :I. 4~.::i) "HE1 .. Ecr I ClI\1 
EO::: R " ~::; TT< :.,: ( 1< )" "C 1".jF:( :~;: ( :I. 7 ) 
:I. :;;~(I.) 1.. .. ::::: I 1\1 r (F:<ND ( :I. ) ·*,1:::) :: 1"'1::::: I 1\11' (1::(1\10 ( :I. ) ,w'4) 
:I. :::::0 F:'H 11\1"1' T{'~E! ( 16+' (1....:::::9» C:*: (!VI) (..):$: (1....) " 

E!:~;: ( Ivl) 
I. "1·(1.) F'F( I I\IT ~ F'H I NT CHF<:$: (:::!::I. ) " "(.·)I\I(Trl .. ·IEJ< GC),? Y 
em 1\1" 

" 

:I. ~,:,:i(l.) (3 t::: "1" Cl :a,: r. IF' (3 :~,: <: :>" Y" (.,) I\II) (;):$: <: :> " 1\1" T 1 .. ·1 E: 1\1 1 
~,:,:i (I.) 

:1. b(l.) IF C')',I;,::::: " Y "T I .. ·IEI\I :l. (1.)(1.) 

1. 7(1.) F'f< I 1\1'1 CHH:;I,: ( 1 "1,7) "BYE I::c:n:< "'ClW" c EI\ID 
2(1.)(1.) F<Elvl Df) T(.) 

21(1.) DATA A.2.3,4.5,6,7,8.9,I.(I.),J,Q,K 
22(1.) DATA 120,122.:1.15.97 
230 DnfA 144.28,28,:1.44 

h:E.f..H>y. 

In the program Cards the cOtuputer first selects a number between 0 and 
12 which (by adding 1) determines the number appearing on the card. Next, 
it selects a number between 0 and 3, this determines which of the four suits 
the card represents. An alternative way would be to select a number 
between 0 and 51 : 

K = INT(RND(l)*52) 

and pick off the suit and number of the card from this number. This is 
achieved by the following line. 

L = INT(K/4): M = K - 4*L 
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The number L now determines the card number while M determines the 
suit. 

The program Cards selects one card from a well shuffled pack. With 
each new selection the card is replaced and the pack reshuffled. What if we 
want to shuffle the pack once and then list the cards as they appear in 
sequence from top to bottom? A different routine is required to achieve 
this. Essentially we number the cards 0 to 51 and then randomly rearrange 
these 52 numbers. This rearranging is done systematically; first the first 
number is exchanged randomly with one of the other 51 numbers. Then the 
second number is exchanged with one of the remaining 50 numbers. And so 
on. The program Card Shuffle shows the technique. 

10 REM CARD SHUFFLE 
20 PUKE 5328:1..151PRINT CHRt(147) .lHRt(31 
) II C(.~F;:O bl·IUF F I.. .. E. II CI"'lr:~~,; ( :I. 7) 
5 0 F' F( II\lr liT 1 .. 1 I H F' F( U Ci r:( (..i Ivl I I... t .. U bT r:,: t)1 I;;~ br 1 .. ·1 Ii:; b 
1 ... IUr::·F·I...II\IU II 
40 F'I::( 11\1'1' "UF' f·i E'fie!", UF C;("~lil)H ,." CI"IH:,I,: ( I /) 
50 DIM At(12) :FOR 1=0 TO 12=READ A$(l) IN 
EXT 
60 FOR 1=0 TO 31READ A=8t(I)~CHR$\A)INEX 
I 
l0 r:: U F: J I:::: 0 r CJ .::; I H E(') D () I C :,j;: ( I ) I:::: C 1·1 F.;::\: \(..~) :: hi [. X 
T 
H0 .0 J Ivl UI. \:.':1 J ) I FUH 1 :::::0 I' U ~: ... d I D';:, ( J ) I:::: I: I\II::XT 
,:,. (2.') F'R 1. N'r .. II F' I::.: E. H H '{" C; 1",1 H :a,: ( :I. 4 I,'.:)) : I·: .. ::::: (/) 
.I 12)0 [·)E:r C-):,I:: I IF' C):;j,::;,;:' II y II I" I .. ·IE. hi ,[ (2.')0 
:I. 1. 0 Y ::r., r:, 1\1 D ( .... "11) 
12(1) f::::::I.:.+· J :: F'F( TN r ,." bl .. ·IUFTI...,E I\IUI'IDEJ<" ~;:) r r:(;:J:· (i< 
) II II CI,,·lh:'*: ( 1 .? ) 
J. .:::; ill F( E: Ivl ivl J X J 1\1 U 
140 FOR 1=0 TO 50 
:I. ~.'.:; 0 t" ::::: I: 1\11' (H 1\1 D ( .I. )~, ( ~:.'.'i ,':?, . I ) )+ I 
1. b 0 1::\ E: 1'1 I,... ~::) (.YT I ~:3 F I I:::: i:; I:,:::: t.. ., I:::: 1\1 
170 I'=D%(I) :D%(I)=D%(LlID%(L)=T 
.I Dill 1\11:::: Xl 
19i1l FOR l=ill TO 51 
:::': 0 0 1.. .. ::::, I 1\1 r ( D ';': ( I ) / 1.1,) I Ivl ::::: !Yf., \ 1 )"'.<l ,~, L. = .r F 1.... '. .'·9T 
1 .. ·11:::: 1\1 F'r:( I 1\1 'I II " = 

.,::' 1 0 F'r(.I 1\1'1 C:>I" ( 1"1 ) (.·H: ( \.. .. ) Ii "FI:;J:. ( IVI) .. ~ 

:;;:: :,::~ V) 1\1 j:;:: Xl 
:? .::; 0 F' f:( J 1\11' : I::·' F( J 1\1 I : F' H I: I\IT C 1,,1 H :~,: ( }; I. ) , II {,~ 1\1 U r 1",1 F 1::( 
ClU,? Y UH l\l II : F'F~ 1 I\IT : r:'I::( 1 N I :: F'F': 11\1'1 
::::~ 4 0 (3 ET C'!:¥: 11::: C") :~i:' . ;. II Y II (.,~ 1\1 DC,; :,1,: ", '>' I 1\1'1 r 1, .. 11::: 1\1 ::;:~ 
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4flJ 
;::: :,:S 0 .I F E') :~:: ::::: " Y" r 1,,1 E.I\I :I. ,'::~ 0 
::::: b0 F;'H J 1\1 I C 1",11::, ::~: ( 1 <+ 7) " El Y E: F UH 1\1 (J W " :: E:: 1\1 D 
;:: 70 H E::.lvi D (.)T () 
3flJflJ DATA A.2.3.4"5.6,!,8.9.1flJ,J.Q,~ 

310 DATA 120,122,115.97 
320 DATA 144,28.28,144 

N on-equally likely events 
Most of the examples we have looked at so far have the property that any 
one of the events that can occur is as likely as anyone of the others, The 
next example is not, 

A bucket contains 100 coloured buttons. There are 6 red buttons, 54 blue 
ones and 40 green ones. To simulate the selection of a button from the 
bucket we use the following lines. 

x = RND(I) 
R$ = "RED" 
IF X > = 0.06 THEN R$ = "BLUE" 
IF X > = 0.60 THEN R$ = "GREEN" 
PRINT R$ 

The program Buttons simulates the selection of a button from the bucket. 
100 selections are made, after each selection the button is replaced . 

.I. Q) flE:I"1 Jo)U rfUI\If) 
20 PUkE 53281,15~PHINT CHH'(147) ,CHH'(15 
"I)" Hl.rr rUNH " CHH:,I,: ( 17) 
:::,fl,l F::'I::(.l1\I r " T 1,,,1 I b F'I::<Uf:)F:((.·)lvl .I i.."I."Ub rl::((.,'1 rE~::; F' I CI':, I 
1\1 c·:; ("1" 

40 F'H II\IT II E'IU rrUhl FFIUI"I (..~ ElUCI<E:::r W ITI"'I b I::(E: 
D, ~:::j i.i· [:.1 1"" LH::: " :: 
~::;(/.) F'H 11\11" 'I (,,)1\10 4('() C:')F, E: E, 1\1 EIUf'fUI\IH,," CI"II::(:f ( 1 7 
) 

b0 F'H I 1\1'1" " " 
7 «.') C:; I::::T (3 :*!: I I::: 

H 0 Y I:::: F( 1\1 D ( "·r I ) 

F'F:;:E l::> !::) 
Ci::f,>:,. ,::." Y" 

Y" r.1<.:::::flJ 
THE:I\I 70 

90 1<:::::1.;,+ 1 r. F'P I 1\11 "CI"IF(:*;: ( .I. 4~:S) II FIU"I I\lUI"lf:j!:::,FI" 
UTI::, .~:: ( 1< ) 'I II C I"'II:~ :ij!: ( :I. 7 ) 

.I. ((,') LIl X::::: H 1\1 U ( :l ) :: Hi:: ::::: C 1",11::( :*, (,;;:: D ) ,+ C 1,,,1 F:\ :*: ( :I 6 b ) +, II 1::\ I:::: 

D" 
11(/.) IF X,::.=0,,(/.)6 THEI\I P'=CHH'(31)+CHH$(166 
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) +" B 1.. .. UE: " 
12~ IF X)~~.6~ THEN R.~CHR.(3~)+CHRS(166 
) +." Eif~EEI\I" 

13~ PRINT TA8(16) RS:PRINT:PRINT CHRS(15 
il·) "CCll .. JI\I'T r. II • ~ 

14~ S~ASC(R.)-28r.A(S)~A(S)+1 

15~ PFU NT CHFU: (2E'D "f,ED" = (..~ «(l) • = 
1 c:)Q) F:'R I NT CHF(:*: (:::!: 1) "BLUE" ~ (..~ (:::!:) • = 

1 '7~ F'f~ I N"r C~HH;. (::~:~) "GF,EEN": (.,~ (2) 
U:l~ F::'R :[1\1'1": PFU NT CHF(:~i: ( 1 ~':;4) • "('·~N()THEf~ [~Cl'? Y 

ell:, N" 
:l9~ GET (3:~:;::r F c:J:~:< >" Y" ('·~I\ID G:*:<:>" N" 1"1",11::::1\1 ,[ 
9(2) 

:;;:~IZl~ IF (3:*:'''::'' Y "'1"1",1[:1\1 9~ 
:;;:~ 1(2) I:::'r.:;: I hiT CHf,:*: ( j, 4'7) "BYE F'C)f, NClW": F'ClI<:E ~':J 

:::!::;:~81 " 6: EI\lD 
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CHAPTER 14 
Meaningful data 

What do you do when presented with a large amount of numerical data? 
For instance, here's a set of numbers which could be the results of some 
experiment, results of some examination, etc. 

23 67 89 45 40 10 5 
19 99 40 23 9 11 21 
34 34 56 41 42 27 80 

You can gain a great deal of information about the data by looking at 
such descriptive measures as the mean, the variance and the standard 
deviation. But first the data has to be entered into our computer. 

Such data could be stored on your Commodore 64 by using an array 
X(I), so that X(O) = 23, X(1) = 67, etc. It could be entered interactively 
by a simple program. This is illustrated with the programs Data Entry I 
and Data Entry II. 

20m REM DAI'A ENTRY I 
:;;~ l. (2) I:::'I:~ I N'r CHF<:*: ( :1. '4·'7) "CI"H:(:~;: ( 1 ~~S4) " 
ENTnV" CI· .. IR:$: ( 1 '7) 
::;:~2(2) F'f:~ 1 N'T "TH I !;;; (,,~L.LClW!:;; VUU 'TT) EI\IT'EI::~ !::;CWII:::: 

NUI"IER:I. [;(..\1. .. , D(.:~'r(.·~ ({iT I...,E(.:~~:rr :,;::)." CI .. HU: ( 1 ?) 
Z:'~;(2) F'f:~ II\IT "I'''IOW I"ILJCI'''I D(.,l·\"(.~l DC) VClU W{i!\l'T' TO 
EN "1"1::: 1::(';,\ " C I'''IF~ :*: ( .t ? ) 
::;:~.(.HI.) I !\IF'I..rr "I\IUI"IE![J! "~N = PI:( I N"I' 
:,;:~~',','i0 IF 1\1<2 ClI:~ N< >11\1"1' (N) 'THE"I 1:::'Hll\I'T "BE:, Fo: 
E (.) !:3 U 1\1 (.." B too I:::: ! II : E,) Dr 0 :;:~ il· (i.') 
260 N~N-l:DIM X(N) 
::::~7(2) F'F~IN"r "NOW EI\ITEH fl'''I1:::'' N"I":I. "I"rElvl~:; OF 
D(.·rT('·i,." CHI::(:~;: ( :1.7) 
2B0 F'UR I :::::0IO 1\1 
29(2) 1:;;'1::( I N r "l)(.YT/·i NUI'1DEJ(": 1·+·1. = : .I: 1\IF't.JT x ( :I: ) 

::~; eJ 0 N I:::. x 'T 
:::!;.I. (2) F'n]: NT: Pf:( I NT. "PFU::!::lS 'iT'D CON',!, INUE" 
:::!::;':~0 DET C·:J:*: r. IF C):a,:·:: .. ::" V" I HI::::I\I ::::,:;":~(l) 
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Data Entry I asks, at the start, for the amount of data to be entered. 
The array X(I) is then dimensioned appropriately. On the other hand 
Data Entry II assumes that there are no more than 100 numbers to be 
entered. You enter the data when requested, to stop you enter -99999. 
If necessary, the number M in line 240 may be changed from 100 to some 
other number. 

This chapter contains several short programs which may be added to 
the Data Entry programs. The final result is a useful program which will 
help analyse your data. 

2~0 REM DATA ENTRY II 
:~'10 PF< [N"I" CHf:(:*, ( 1. 47) • CHH:$: ( :L ~.'.'i'+)" D~,rrf'~ 

I::,NTHY" CHF~:*: ( :[ 'l ) 
",::'20 pn:t NT' "TH I f.3 {,~L...L...UWf.:; YUU 'TO EI\I'rEF';: HClI"IE 

Nl..WIER 1 Cf.il_ DATf.i (f.rT I.. .. E(.1!3T :,~~)." CHR:$: ( 1'7) 
.::' ,::1;(1.) PHI N'T' " ENT' E F~ Y Clt"n:( [H,~T f-~ • I TEl"l BY I T E M 
." CHI::'::f, ( :L 7 ) 
240 M-100:DIM X(M) 
:Z :,',') 0 F' CH~ I"'''' 0 ''I' Cl 1'1 
260 PRINT::IF [)1 THEN PRINT.CHn$(154) S 
F:'C ( ( :I. +-:L ) 110) " -fYPE ---999991 D EI\lD." 
:;:~ Iii.) F::'F:(.l NT CI· .. IF(:*: ( :L ~.'SE!) "DI,Hf.~ "'l..WIBEF~": I -+-:1. : 

~80 INPUT X(I): IF X(I)--99999 AND 1)1 lH 
EN 1\1:::: J: .. · .. 1 : 1::=1"1 
290 IF X(I)~-99999 AND 1<2 THEN PRINT CH 
fU ( t ~.'i4) ""rOD E(4RL.. Y '" C) EI"D." = I'" 1,·-1 
:::!;00 I"E x'r 
:~;:L 0 Pf~.I NT: PF( I 1\1'1" • CHFd, ( :[ ~_:.'i'+) "Pf:<EHG Y TO CO 
NT INUE. " 
.::~; ::;:' 0 (3 E T (3 :$:: If::' C:; :*: <: >" Y "'I' HE'" :::!; :,;:~ 0 

The mean 
The mean or average is an important statistical measure. It is obtained by 
adding all the numbers together and dividing the sum by the number of 
numbers. 

sum of data 
mean =~---.---_-.. 

number of data 

If the numbers are stored in the array X(I) for I = 0 to N - 1 then the 
mean XM may be calculated using the following program lines. 
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X=O 
FOR 1=0 TO N-1 : X=X+X(I) : NEXT 
XM=X/N 

The program Mean is a short program that calculates the mean and 
prints it out. You may incorporate it with one of the Data Entry 
programs. 

/,1 mil HI::,I'I 11f.:Jil\J UF D(.;"! (..:, 
<I 1 III F'r~ 11\1 r CIIH:*: ( 141) 'I C;Hf~l ( :I. ~,:,:)4) 

(11 Y H 1 H " C H F:(¥ ( 1 I ) C 1",11::, l ( 1 ~::) H ) 
" 

4 J ::::j F' I" I hi r " 1\llWI Eli::: f:< U F D ()f ~,~ II t:: 1"1 H '::: ". I\J ,+, 1 r, 
(,1H<:$ ( J 7 ) 
4~1ll X=Ill:FUR 1=1ll rn N:X=X+X(I)~I\JEXr~XM=X/ 

(1\1+.[ ) 

'I ,:,1/) F' F< 11\1 T "11FJ~N ::::: ":;X 1"1: CI··HU: ( J I ) 

Max, min and spread 
It's often useful to know the maximum and minimum values of data. A 
simple search may be made by your Commodore 64 to find these. The 
following program is a short program which performs this function. In 
addition, the range or spread of the data is calculated. This is simply the 
difference between the largest and smallest numbers in the data. 

~1l10 REM MAX. MII\I AND SPREAD OF UAIA 
~11ll MAX=-10 E 37:MII\I~11ll E 37 
~~:);::~ III r: D HI"" (l.) ''I' U l\i 
~:j:::1ll i.f': X (I) '1"lnXTHFI\1 I'H~X'''X (I) 

540 IF X(I){MIN THEN MIN-X\11 
:,,:) :) III hi [ Xl 
:,',1 b 0 i' R ll\i I " 1"111\1 I l'Il"WI V(..~ I, U I:::: "" "" 1"1 .ll\~ 
:::, ! Vl P r~ I I\J T I I Ivl (.'1 X [Ivl U IVI V (~ L .. tJ \:::, "" II ~ Ivl n X 
::)Hv'l F'f~ 11\1 I II THf.:: ~:;F::'f~EnD I U •• , II n IVI("~ X·,, IVII N" CHh 
4: ( J / .\ 

You may want your data sorted into increasing (or decreasing) order. 
Several methods (such as bubble sort, quick sort, shell sort etc.) are 
available. Details are not given here. 

Standard deviation and variance 
The mean is a simple, useful and powerful tool. But it does not tell us all 
we need to know. For instance, look at the following sets of data: 

DATA for X(I) 20, 21, 20, 19 
DATA for Y(I) 38, 26, 14, 2 
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The values of the means XM and YM are both 20. However there is 
much greater variation in the data for Y(I) than for XCI). This variation 
may be measured by using the standard deviation of the data. 

The standard deviation of a set of data is given by the following 
formula. 

standard 

= SQR 
deviation 

[
sum (difference between data and] 

mean)2 

The variance is the square of the standard deviation. 
The procedure for calculating the standard deviation of the data stored 

in the array XCI) is as follows. 

1. Calculate the mean XM. 
2. Find the deviations from the mean, that is, the values X(I) - XM. 
3. Square each deviation, that is, find the values (X(I) - XM)2. 
4. Sum the squares of the deviations. 
5. Divide by the number of terms less 1. This gives the variance XV of the 

data. 
6. Take the square root. This is the standard deviation XD of the data. 

The standard deviation provides an idea of how much the data is 
dispersed or spread out around the mean. Look at the following examples 
again. 

DATA for XCI) 20,21,20, 19 
DATA for Y(I) 38,26,14,2 

The standard deviations are given by the following calculations. 

XD = SQR«O*O + 1*1 + 0*0 + (-1)*(-1»/3) 
= SQR(213) 

0.816496581 
YD = SQR«(l8*18 + 6*6 + (-6)*(-6) + (-18)*(-18»/3) 

= SQR(240) 
= 15.4919334 

This certainly reflects the difference in the spread of the data. 
The next short program is for calculating the standard deviation of the 

data stored in an array XCI). 

6~~ REM STANDARD DEVIATION 
61~ X~~:FOR I~~ TO N:Y~X(I)-XM:X~X+Y*Y:N 
EXT 
62~ X [):::::t3GlR ( X /1\1) 

6:~::~ PR IN''/'' "~:3'T'AI"D(.·mD DI::::V u~r I UI\! .. ,.. "~XI): CHF~ 
$: ( 17> 
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Confidence intervals 
The standard deviation is useful because it indicates to what extent the 
data is spread about the mean. In many mass manufacturing processes the 
product produced varies slightly in size or quality or length etc. We refer to 
the items we are measuring as the population. The variation in the 
population is often normally distributed. 

Statisticians have found that the normal curve or normal distribution 
approximates a large number of real-life data. If the amount of data is 
large (more than about 30) then it is often assumed, for calculations, that 
the population is normally distributed, even though it may not be 
normally distributed. 

Roughly speaking a population is normally distributed if it is 
symmetrically spread about the mean; with most of the population at the 
mean and very little far away from the mean. 

More precisely, in a normally distributed population about 68070 of the 
population lies within 1 standard deviation from the mean, and about 
96% lies within 2 standard deviations from the mean. More generally, the 
next table lists the percentages associated with various multiples of the 
standard deviation. 

% of population 
50% 
68.27% 
80% 
90% 
95% 
95.45% 
99% 
99.73% 

Multiple of standard deviation 
0.6745 
1 
1.28 
1.645 
1.96 
2 
2.575 
3 

The above table shows that we would expect 95% of a population to be 
within 1.96 times the standard deviation from the mean. In other words 
95% of the population lies within the range 

XM - 1.96*XD to XM + 1.96*XD 

where XM is the mean and XD the standard deviation. We refer to this 
interval as the 95% confidence interval for the population. Similarly, the 
99% confidence interval for the population is from 

XM - 2.575*XD to XM + 2.575*XD 
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Here is an illustration of how confidence intervals may be useful. You 
suspect that a grocer is selling incompletely filled 2 litre bottles of 
lemonade. You buy ten bottles and measure their contents carefully. The 
results in litres are: 

2.001,2.040,2.020,2.000,2.015 
2.006,2.005,2.031,2.008,2.018 

All the bottles contain 2 litres or more. But, let's calculate the mean 
and standard deviation of this data. The results are: 

XM = 2.0144 
XD = 0.0132 

Now, assuming that our sample came from a normally distributed 
population we can calculate some confidence intervals. The 95% 
confidence interval for the population is from 

2.0144 - 1.96*0.0132 to 2.0144 + 1.96*0.0132 

that is, from 

1.989 to 2.040 

Thus we expect 95% of the bottles to contain between 1.989 and 
2.040 litres. This means that we expect 2.5OJo would contain more than 
2.040 litres, while 2.5OJo would contain less than 1.989 litres. We could 
also work out the 90OJo confidence interval. This is from 

2.0144 -- 1.645*0.0132 to 2.0144 - 1.645*0.0132 

or, from 

1.993 to 2.036 

Thus 90OJo of the bottles are expected to have between 1.993 and 2.036 
litres. It follows that at least 5OJo of the lemonade bottles would contain 
less than the required 2 litres. (Equally, at least 5OJo contain more than 
2.036Iitres.) 

In the example just given many assumptions have been made and the 
conclusions reached would be insufficient to lead to legal proceedings. 

The mean of our population was calculated from a sample. How do we 
know that this is the actual mean of the population? The mean may vary 
with the sample taken. But, we can estimate how far our sample mean is 
from the real mean by using the standard deviation. We can say with 
95OJo confidence, that the mean is from 

XM - 1.96*XD/SQR(N -1) to XM + 1.96*XD/SQR(N -1) 
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where XM is the mean calculated from the sample of size N. We call this 
the 95% confidence interval for the mean. The 99070 confidence interval 
for the mean is given by 

XM - 2.575*XD/SQR(N - 1) to XM + 2.575*XD/SQR)(N - 1) 

Strictly speaking these calculations are valid if the sample size is large 
(say greater than 30). For smaller samples we should be using what is 
called the student's t distribution instead of the normal distribution. But 
this is beyond the scope of this book. 

Don't take the confidence intervals too seriously and don't confuse the 
two types of confidence intervals. 

The next program calculates 95% and 99% confidence intervals for 
the population and mean. 

100 REM CONFIDENCE INTERVALS 
110 Cl=1.96*XD:Ml=Cl/SQR(N):C2=2.575*XD: 

1"1 ',? ::::: C :;:;~ / 8 Cl F~ ( 1\1 ) 
F~~1i.l F'F( I 1\1''1'' "9~.',:;'%. CUI\lf' 1 DEI\ICE I 1\lfERW)L.S: " 
1:::::0 F'fU I\IT "r:'ClF:'. FRCWI ": XI"I .. · .. C:I. =" 'rD "= XI"1+C 
J 
74 fll F'F:< 1 /\IT "I"IE(.,)I\I I::' F(UI"I ": X 1"1 .. · .. 1"1:[ ~ "T'O ": X 1"1+1"1 
1 : r::HF,:$: ( J ] ) 
l:::iv) V>F< I 1\1'1" II <:;cn;, CUI\H:: J D[I\II::[: I I\ITEH\,,){)LU: " 
/60 F'F~INT "F'UI:::'. Ff~UM "r. XI"I .. · .. C~;:::" TO "= XI"I+C 
"\ 
I:" 

'/fll F'r, J I\IT "1"1[:(,,)1\1 FHClI"1 "~Xlvl .... ,lvI2 ~" TO /I = Xlvl .. H'1 
~,::' ; C; 1,,1 f'\ :$: ( .I. / ) 

Finishing touches 
The programs in this chapter may be linked together to produce a useful 
program for analysing data. The following program provides the 
necessary linking parts. 

10 HEM DAT~ A/\IALYSIS 
20 PRINT CHR$(14J) .CHR'(154) " 
f.,~I.. .. y DIU" C.:I"IH:ili: ( :1. l) CI'''lr(:ili: ( :I. ~:,:)H) 

,:::0 r;'H 1/\1 T Ii 'I H:I H F'F\Cl(3F<(,,~IV! (':~I.."I...,(JWl::) YUU r U E:I\II 
E: H I.) (.) 'I" (":1 ?'11\1l) fo,) 1\1 (\ L, 'y f::1I::: IT." C 1"'1 R~i: ( :I. ? ) 
4v.l f'r! 1/\1'1' "(.'lFT E:HII",IE: O(..lT (.,~ H(',)S BE:!:::,'" [:1\1"1' [:,F,!:: 
f>y'UU W:I: L,I.." I, ~ 
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~:.'11l.l F'F( J: 1\1 r " Eil:::. F'j:;iUV.I: OL.D lAJ J I H II'''IE: F ell."L,UW 1NCI 
I I\IFUHlvl(..~·""r 1 UN,," Cf'H~:*: ( 17) 

hI?) j:':'I::( 1N'I" 1':1.. IvIE:(~I\1 OF l)(..l,T{) II CI·,II::;;:'J:: ( .I. 7) 
'1 (I.) F:' H I NT II :,;:: " Ivl("~ X" 1'11N (il\1 D HI:::' l::iE. (:i D U I::: D (~l (..~ 

" CI"'IR~:: ( 1 7 ) 
{::) (I.) F' F~ I NT II :::~ , ~::;T (.~ 1\1 D (..~ 1::< D D I:::: \) I (:,) r J ell\I" C 1",1 H :~,. ( I. 7 

9 I?) F' f( I 1\1 T " 1.1, " 9 :.')';;', (.~ 1\1l) 9;:; "/" C U 1\1 F I 1:>1:::: 1\1 [ I::: I I\IT F 
Hv("~I....~:3" Cf'iH:*: ( 17 ! 
:I. (1.)(1.) F'I::( J 1\11": I::"F( I 1\1 r" CHI::(::j:· ( :I. ~','.'I.(.I,) "I:::'HE:bH Y TO CD 
I\IT 1I\lUE,,, 'i 

1. :1, (I.) C'JET c:;:~;: ~ r. F ('.:):;1:: <. .>" Y" r HE: 1\1 :I. :1. (i.) 

2 I?) (I.) REM DATA ENTRY II 
:;,:: :l (I.) I:::' F( I 1\1 T C 1,,-11':( :,1,· ( :1, 4 7) "C I"Hod: ( 1 ~'.'.') 1.1, )" n (.Yi (.i 

EI\I fl::<Y " CI"m:$: ( :17 ) 
:?:?(I.) 1:::'1::( I I\IT II TI"11 S ('·~L.L.(Jl;.J\::; YUUTO E:I\lrl:::I:~ HUlvll:::. 

I\IUI"IE,r~ 1 C(,~I,_ D(.·~'r(.,~ «(,,~T I.."E:,("1~::)'r :,:::)" II CHH:,I:: ( I. '7) 
:;,:: .::1:(1.) F'f~ I I\IT I'I::: 1\ITEr:( YUUI::( D(.~ r (..~ " ITEI"I E<Y I: T E.I"I 
"" CI"'II::'::~~ ( :I } ) 
24(1.) M~:I(I.)(I.)~DIM X(M) 
:?~."i(l.) F'DH :I: :.::(1.) "r Cl 1'1 
>:6(1.) I:::'F~ J I\IT n = IF [,.:1. rHI::::"1 F'h I 1\11' "CI',I::(,I,: ( :I ~.::i4) H 
f::'C ( ( :I. +:1. ) /1 fi:1) "TYPE. "'''999991'0 END,," 
:27(1.) F'f:( I I\IT C 1",1 H:*: ( :I. ;;:j!::l ,) II DI)'I' (..i NUI"IBE H II ~ I: + :I. :: 
~8(1.) INPUT X(Il;lF X(1)--99999 AI\ID 1>1 TH 
[:1\1 1\1::::: 1· .. ··1 ~ I ,,::Ivl 
:;:::9(1.) J: F X ( I ) ::':: .... 9<:,i999 AI\IU 1:" :,? r 1,,,11:::1\1 F'H II\IT (;1"1 
1::< J~: ( :I. !:::; 1.1· ) "T U U E, (~I::, L. Yi U [:,1\1 U" " :: 1:0" 1 ,.:1. 

::::; (I.) (I.) 1\1 E: Xl 
::!;:I. (I.) F::'F< J 1\lr: 1""1::( J 1\11" 'I CHF:<:~:· ( :I. ~::;4 ) Ii F:'h:E:HH Yin CD 
1\ll I I\IUE,,, " 
.::!; :;;;: (I.) C; I:" r (;:')::1,: ~ I F H :~,:,::> " Y "Tl'l F 1\1.':: ';? (I.) 
4Q)Q) 1"-1:1:::,1"1 IVlt:::""\1 ClF:: DrYT (.j 

1.1· :I. Q) P i"~ J I\IT C 1,,1 F:( :*: ( :I 1.1,1) "C:: I"'II;~ :~,: ( I!':.:; 4 ) lIon r (.·i (.~ 1\1 
(,'il... Y b I U II CHF:(:~,: ( :I 7) CI"'IF(:,I,: ( :I !::\f::l .\ 
4 ). ~:.'.:; I:::' h' 11\Ir " 1\1 LII"I ElI::: F( U I'" D (.YT {~ I I E i"1 H ::,:: "~I\I + :I :i 
CHF('.$: ( :I. '/ ) 

42Q) X~(I.)~FDH 1=(1.) TU I\I:X=X+XCI):I\IEXTnXM=XI 
(N+':I. ) 

4::,(1.) I:::'H T I\IT "1'111':;111\1 ,:::: ":i X I"! r, CI"II':<:~: ( :I 7) 
5(1.)(1.) HEM MAX" MII\I AND SPREAD OF DATA 
510 MAX=-:l0 E 37:MII\I=l(1.) E 3'7 
~,7i :;::: (I.) F D I::~ :1:::'" (I.) ·TTl 1\1 
530 IF XCI) .>MAX THEI\I MAX=X(I) 
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540 IF X(I)(MIN THEN MIN~X(I) 
~'.';~.'.'i0 NE X"'" 
~':;b0 I:::'F( I N f It Ivl I N:r 1"ll..JlvI Vf..~L"UE .m "r, I'll 11\1 
::7;,/0 PI:UNl "N('·~XII"'IUlvl vm.J..JE m. "~lvlf'~X 

::7; t:l0 P f:~ 11\1'1" " ''1'' 1",1 ESP f:~ E f.m H:) "0' "n 1"1 f'~ X .... ·Ivii 1\1 n C H f:( 
:*i: ( 1,,/ ) 
6{l)0 REM STANDARD DEVIATION 
b10 X~0:FOR I~0 TO N=Y~X(I)-XM:X~X+Y*Y=N 
EXT 
620 X D"::GG)F:~ ( X /1\1) 
6:::::0 F'F\ I 1\ll' "~:3'fAI\lDMm DEV IIiT I ON ::::: "= XI:> ~ CHF~ 
:$: (l '7) 

10lll REM CONFIDENCE INTERVALS 
71lll Cl~1.96*XD:Ml~Cl/SQR(N):C2~2.575*XD: 
I"I:;;;~::::'C:~':~ / ~~GlR (N) 
T;:~0 PR I N"I" "9::'rY.. CClNI:::' I DENCE I N"I"EFNf·H ... S: " 
T:~0 PF,II\ll "F:'ClP. FRClI"l "=XI"I .... ·C:l.n" "1"0 "~XlvH .. C 
1 
740 PF1:II\ll "I"IE('·~N FF(OI"1 II: XI"I .... ·I"I:l ~ II ''1''0 II: X Ivl+ Ivl 
1 : CHF<:*: ( :I. '7 ) 
'7~.'i0 PF~ I N"r II 99'i~ CONF I DEI\ICE I I\lrEFiVf.~L...~::;: II 

760 r:'I:UNl' "F'en::'" F'ROM "= XI"I .... ·C;;~~ "fD It = XI"I+C 

'770 PFUI\I'f "lvIE:f.~N FTWI"I ": XI"I .... ·I'1:.:~=" TO ": X 1"1+'1"1 
::;:: = C I"'II::~ :$: ( :1. '7 ) 
9(l){l) 1::~EI'1 END I NC'3"? 

CHi N" 

i:;>:::::0 IF (3:$:"-"''' Y" THEN l:iUN 
(,40 PFU NT CHf~:f. ( t "1·'7) cl .. m:$: ( :L ::::;4) "BYE: FCJF~ N 
OW": E::ND 
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Summary 

(by chapter) 

1. Simple functions 
Displaying numbers neatly 
Right-justified numbers 
INT, the integral part of a number 
ABS, the absolute value of a number 
Rounding off numbers 
Rounding up and down 
Rounding off a number to D decimal places 
Bank balances 
Overdrawn bank balances 
SGN, the sign or signum function 
Displaying bank balances colourfully 

2. Trigonometry 
Scale drawings 
Estimating heights and distances 
Right angled triangles 
Trigonometric functions, TAN, SIN and COS 
Hypotenuse, opposite side, adjacent side 
Radian 
PI 
Degrees to radians, radians to degrees 
Finding lengths of a right angled triangle 
Inverse functions 
Arc tangent, ATN 
Arc sine, ASN 
Arc cosine, ACS 
Pythagoras' theorem 
Non right-angled triangles 
Law of cosines 
Law of sines 
Finding angles and/or sides of a triangle 
Refraction 
Angle of incidence, angle of refraction 
Snell's law 
Refractive index 
Reflection 
Critical angle 
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3. Earth trigonometry 
The Earth 
Straight lines on the Earth 
Great Circles 
Lines of longitude 
Greenwich, England 
Lines of Latitude 
Calculating the distance between two points on the Earth 

4. Powers 
Squares of numbers 
Powers of numbers 
Properties of powers 
SQR, Square root 
Imaginary numbers 
Complex numbers 
Complex numbers on the Commodore 64 
Quadratic equations 
Solving quadratic equations 
Roots, finding roots 
Formula for the roots of a quadratic equation 
Discriminant 
Solving quadratic equations on the 64 
Solving other equations 
Polynomial equation 
Degree of a polynomial 
Roots of polynomials 
Newton's method 
Derivative of a polynomial 
Finding roots via Newton's method 
EXP, the exponential function 
E, EXP(l) 
Factorial 
Properties of the exponential function 
Formula for exponential function 
Logarithmic function 
LOG, the natural logarithmic function 
Properties of the logarithmic function 
Finding roots of other functions 

5. Sequences 
Sequences 
Terms of a sequence 
Generating sequences 
Arithmetic sequence, arithmetic progression 

152 



Common difference 
Generating arithmetic sequences 
Which would you prefer? 
Geometric sequence, geometric progression 
Common ratio 
Generating geometric sequences 
Interest, compound interest 
Daily interest 
Double or quit gambling 
Fibonacci sequences 
Generating Fibonacci sequences 

6. Number bases 
Decimal system 
Digits 
Decimal representation 
Base 
Coefficients of a number N to a base B 
Binary number system 
Hexa-decimal numbers 
Converting numbers from one base to another 
Numbers on the Commodore 64 
PEEKing numbers on the 64 
Binary form of numbers between 0 and l 
Displaying binary form of numbers between 0 and 1 
Floating points 
Binary exponent 
Binary mantissa 
1 * (l + 2i - 24) 1 + 21 - 25 according to the 64 

7. Days and weeks 
Days of the week 
Zeller's congruence 
Finding the day of the week for any given date 
Displaying a monthly calendar for any month, any year 
Date management 
Pseudo-Julian date 
Listing dates a specified number of days apart 

8. Greatest common divisor 
Common divisor, common factor 
Greatest common divisor, highest common factor 
Euclidean algorithm 

Summary 
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Calculating the greatest common divisor 
Least common multiple 
Calculating the least common multiple 

9. Primes 
Prime number 
Composite number 
There are infinitely many prime numbers 
Sieve of Erastosthenes 
Prime testing 
Finding factors 
Large primes 
Mersenne numbers, Mersenne primes 
Largest known prime 
Probabilistic primality testing 
Fermat's little theorem 
Pseudoprime to a base 
Most pseudoprimes are genuine primes 

10. Odds and ends 
Pythagorean triplets 
Primitive Pythagorean triplets 
Generating primitive Pythagorean triplets 
Multi-precision powers 
Calculating products of large numbers accurately on the 64 
Calculating arbitrary large powers accurately 

11. Matrices 
Matrices, rectangular arrays of numbers 
M by N matrix 
Square matrix 
Adding matrices 
Why add matrices? 
Matrix multiplication 
Why multiply matrices 
Zero matrix 
Identity matrix 
Inverse of a matrix, reciprocal of a matrix 
Calculating the inverse of a matrix 
Simultaneous matrices 
Solving simultaneous matrices 

12. Codes 
Cryptography 
Ciphers 
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Substitution codes 
Sample substitution code program 
Matrix codes 
Using matrices to cipher messages 
Sample matrix code program 
Public-key codes 
Prime numbers and secure codes 

13. Random! 
Heads and tails 
Tossing coins 
Random numbers 
Simulating coin spinning on the Commodore 64 
Of dice and men 
Die rolling 
Probability 
Simulating die rolling 
Simulating two dice rolling 
Playing cards 
Simulating card picking 
Shuffling a pack of cards randomly 
Non-equally likely events 
Bucket with 100 coloured buttons 
Simulating button picking from a bucket 

14. Meaningful data 
Entering numerical data into the Commodore 64 
Mean, average 
Calculating the mean 
Maximum and minimum 
Spread, range 
Calculating the max, min and spread 
Standard deviation 
Variance 
Calculating the standard deviation 
Confidence intervals 
Normal distribution 
Calculating confidence intervals for a population 
Calculating confidence intervals for the mean 
Student's t distribution 

Summary 
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Have you ever found that parts of your programs are 
difficult to write? You know what you want to do but 
you are not quite sure how to do It. Will COS, ABS, or 
SGN etc. be any use? What are they and how can they 
help? 

This book explains all these mathematlca, utilities. In 
fact, all the mathematical functions that you find on 
the Commodore 64 are described. Their use Is 
illustrated In short programs that you can 11ft and use 
within your own programs. 

The book Is packed with Information on such diverse 
subjects as codes and cryptography, random 
numbers, logic, sequences and series, trigonometry, 
prime numbers, arrays and matrices, probability and 
statistics. 

Czes Kosniowski is a lecturer at the University of Newcastle 
upon Tyne. He has wriHen several books and articles on 
mathematics and on computing. He is a regular 
contributor to Popular Computing Weekly. 
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